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The X ¢* model in a finite volume is studied within a non-Gaussian, time-dependent HartredTidk)
approximation both at equilibrium and out of equilibrium, with particular attention to the structure of the
ground state and of certain dynamical features in the broken symmetry phase. The mean-field coupled time-
dependent Schdinger equations for the modes of the scalar field are derived and the suitable procedure to
renormalize them is outlined. A further controlled Gaussian approximation of our TDHF approach is used in
order to study the dynamical evolution of the system from nonequilibrium initial conditions characterized by a
uniform condensate. We find that, during the slow rolling down, the long-wavelength quantum fluctuations do
not grow to a macroscopic size but do scale with the linear size of the system, in accordance with similar
results valid for the larg®& approximation of thedD(N) model. This behavior undermines in a precise way the
Gaussian approximation within our TDHF approach, which therefore appears as a viable means to correct an
unlikely feature of the standard HF factorization scheme, such as the so-called “stopping at the spinodal line”
of the quantum fluctuations. We also study the dynamics of the system in infinite volume with particular
attention to the asymptotic evolution in the broken symmetry phase. We are able to show that the fixed points
of the evolution cover at most the classically metastable part of the static effective potential.

PACS numbgs): 11.10.Ef, 11.15.Pg, 11.30.Qc

[. INTRODUCTION first of all, that a perturbative treatment of this dynamical
problem is meaningful only when the early time evolution is
A great effort has been devoted in the last few years irconsidered. The presence of parametric resonant bands or
order to develop a deeper qualitative and quantitative undesspinodal instabilitiegin the case, respectively, of unbroken
standing of systems described by interacting quantum fieldsr spontaneously broken symmetjigapidly turn the dy-
out of equilibrium. There is a class of physical problems thatnamics completely nonlinear and nonperturbative. Thus, the
requires the consistent treatment of time-dependent measymptotic evolution at late time can be consistently studied
fields in interaction with their own quantum or thermal fluc- only if approximate nonperturbative methods are applied to
tuations. We may mention, among others, the problem othe problem1].
reheating of the universe after the inflationary era of expo- Quite recently one of these schemes, namely the Ibrge-
nential growth and cooling, and the time evolution of theexpansion at leading ord¢b,6], has been used in order to
scalar order parameter through the chiral phase transitiomarify some dynamical aspects of thg theory in three
soon to be probed in the forthcoming heavy-ion experimentspatial dimensions, reaching the conclusion that the nonper-
at the CERN Super Proton Synchrot@PS, BNL Relativ-  turbative and nonlinear evolution of the system might even-
istic Heavy lon Collider(RHIC), and CERN Large Hadron tually produce the onset of a form of nonequilibrium Bose-
Collider (LHC). In these situations, a detailed description of Einstein condensation(BEC) of the long-wavelength
the time-dependent dynamics is necessary to calculate th@oldstone bosons usually present in the broken symmetry
nonequilibrium properties of the system. Indeed, the develphasd3,4,7]. Another very interesting result {rY] concerns
opment of practical general techniques and the advent dhe dynamical Maxwell construction, which reproduces the
faster and cheaper computers have made possible the discdlat region of the effective potential in case of broken sym-
ery of novel and unexpected phenomena, ranging from dismetry as asymptotic fixed points of the background evolu-
sipative processes via particle production to novel aspects dion.
symmetry breaking1—4. In a companion work8] we have addressed the question
From a technical point of view, it should be pointed out, of whether a standard BEC could actually take place as time
goes on, by putting the system in a finite volufaeperiodic
box of sizel) and carefully studying the volume dependence
*Mailing address: Dipartimento di Fisica, Via Celoria 16, of out-of-equilibrium features in the broken symmetry phase.
20133 Milano, Italia. Email address: claudio.destri@mi.infn.it We summarize here the main result containeddh The
"Mailing address: Dipartimento di Fisica, Via Celoria 16, numerical solution shows the presence of a time segle
20133 Milano, Italia. proportional to the linear size of the system, at which finite
Email address: emanuele.manfredini@mi.infn.it volume effects start to manifest, with the remarkable conse-
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guence that the zero-mode quantum fluctuations cannot grotweaking can be better understood, and the further Gaussian
macroscopically large if they start with microscopic initial approximation needed to study the dynamics can be better
conditions. In fact, the size of low-lying widths at timg is  controlled. In particular, questions like out-of-equilibrium
of order L, to be compared to orddr®? for the case of “quantum phase ordering” and “dynamical Bose-Einstein
standard BEC. In other words we confirmed that the lineacondensation” can be properly posed and answered within a
growth of the zero mode width, as found also by the authorgerifiable approximation.

of [3,4,7), really signals the onset of a novel form of dynami- We also perform a detailed study of the asymptotic dy-
cal BEC, quite different from the standard one described byramics in infinite volume, with the aim of clarifying the
equilibrium finite-temperature field theory. This interpreta-issue of Maxwell construction in this approximation scheme.
tion is reinforced by the characteristics of the long-In fact, in the O(N) ®* model at leading order, the
wavelength fluctuations’ spectrum. asymptotic dynamical evolution of the mean field completely

Since, after all, the largblapproximation is equivalent to covers the spinodal region of the classical potential, which
a Gaussian ansatz for the time-dependent density matrix @foincides with the flatness region of the effective potential.
the system[2,9], one might still envisage a scenario in This is what is calleddynamical Maxwell constructiofi7].
which, while Gaussian fluctuations would stay microscopic,When we use the HF approximation for the casélefl, we
non-Gaussian fluctuations would grow in time to a macro-find that the spinodal region and the flatness region are dif-
scopic size, leading to an occupation number for the zerderent and the question arises of whether a full or partial
mode proportional to the volume® of the system. There- dynamical Maxwell construction still takes place.
fore, in order to go beyond the Gaussian approximation, we In Sec. Il we set up the model in finite volume, defining
will consider in this work a time-dependent HFDHF) ap-  all the relevant notations and the quantum representation we
proach capable in principle of describing the dynamics ofwill be using to study the evolution of the system.
some non-Gaussian fluctuations of a single scalar field with We introduce in Sec. Ill our improved time-dependent
¢* interaction. Hartree-Fock TDHF) approximation, which generalizes the

Before going into the details of the analysis, let us brieflystandard Gaussian self-consistent approgt8| to non-
summarize the main limitations and the most remarkable reGaussian wave functionals; we then derive the mean-field
sults of the study of a scalar field out of equilibrium within coupled time-dependent Schiinger equations for the
the Gaussian HF schem#,10—13. First of all, this scheme modes of the scalar field, under the assumption of a uniform
has the advantage of going beyond perturbation theory, igondensate, see Ed8.5), (3.6), and(3.7). A significant dif-
the sense that th@umerica) solution of the evolution equa- ference with respect to previous TDHF approackigscon-
tions will contain arbitrary powers of the coupling constant, cerns the renormalization of ultraviolet divergences. In fact,
corresponding to a nontrivial resummation of the perturbaby means of a single substitution of the bare coupling con-
tive series. For this reason, the method is able to take int§tantA, with the renormalized ona in the Hartree-Fock
account the quantum back reaction on the fluctuations therHamiltonian, we obtain cutoff independent equatigapart
selves, which shuts off their early exponential growth. Thisfrom corrections in inverse powers, which are there due to
is achieved by the standard HF factorization of the quartiéhe Landau pole The substitution is introduced by hand, but
interaction, yielding dime-dependerself-consistently deter- is justified by simple diagrammatic considerations.
mined mass term, which stabilizes the modes perturbatively One advantage of not restricting priori the self-
unstable. The detailed numerical solution of the resulting dyconsistent HF approximation to Gaussian wave functionals,
namical equations clearly shows the dissipation associate@ in the possibility of a better description of the vacuum
with particle production, as a result of either parametric amStructure in case of broken symmetry. In fact we can show
plification in case of unbroken symmetry or spinodal insta-quite explicitly that, in any finite volume, in the ground state
bilities in case of broken symmetry, as well as the shut offthe zero mode of the field is concentrated around the two
mechanism outlined above. vacua of the broken symmetry, driving the probability distri-

However, the standard HF method is really not control-bution for any sufficiently wide smearing of the field into a
lable in the case of a single scalar field, while it becomedwo-peak shape. This is indeed what one would intuitively
exact only in theN—o limit. Moreover, previous ap- €xpect in case of symmetry breaking. On the other hand,
proaches to the dynamics in this approximation scheme ha@one of this appears in a dynamical evolution that starts from
the unlikely feature of maintaining a weglogarithmig cut- @ distribution localized around a single value of the field in
off dependence on the renormalized equations of motion ofhe spinodal region, confirming what already seen in the
the order parameter and the mode functifitis largeN approach8]. More precisely, within a further con-

In this paper, we consider the case of a single scalar fielfolled Gaussian approximation of our TDHF approach, one
(i.e., N=1). With the aim of studying the dynamics of the observes that initially microscopic quantum fluctuations
model with the inclusion of some non-Gaussian contribu-never becomes macroscopic, suggesting that also non-
tions, we introduce an improved time-dependent HartreeGaussian fluctuations cannot reach macroscopic sizes. As a
Fock approach. Even if it is still based on a factorized trialSimple confirmation of this fact, consider the completely
wave functiorgal), it has the merit to keep the quartic inter- symmetric initial conditions{¢)=(¢)=0 for the back-
action diagonal in momentum space, explicitly in the Hamil-ground: in this case we find that the dynamical equations for
tonians governing the evolution of each mode of the field. Irthe initially Gaussian field fluctuations are identical to those
this framework, issues like the static spontaneous symmetrgf largeN (apart for a rescaling of the coupling constant by a
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factor of 3; cf. Ref.[8]), so that we observe the same The canonical commutation rules ar¢y,7_ ]
asymptotic vanishing of the effective mass. However, this=j5{®)  as usual. The introduction of a finite volume should

time no interpretation in terms of Goldstone theorem is posyo regarded as a regularization of the infrared properties of

sible, since the broken symmetry is discrete; rather, if thg,a model which allows one to “count” the different field
width of the zero mode were allowed to evolve into a mac- '

S . modes and is needed especially in the case of broken sym-
roscopic size, then the effective mass would tend to a pos P y y

. ; : ( metry.
tive value, since the mass in the case of discrete symmetry To keep control also on the ultraviolet behavior and to
breaking is indeed larger than zero. P

Anyway, also in the Gaussian HF approach, we do find 4nanage the renormalization procedure_propgrly, we restrict
whole class of cases which exhibit the time scale At that € SUmS over wave vectors to the points Iy|2ng within the
time, finite volume effects start to manifest and the size of2-dimensional sphere of radius, that isk®< A<, with A"
the low-lying widths is of ordet.. We then discuss why this =AL/2m some large integer. Until both the cutoffs remain
undermines the self-consistency of the Gaussian approximalnite, we have reduced the original field-theoretical problem
tion, imposing the need of further study, both analytical and0 & quantum-mechanical framework with finitely mafof
numerical. order AP) degrees of freedom.

In Sec. IV we study the asymptotic evolution in the bro-  The ¢* Hamiltonian is
ken symmetry phase, in infinite volume, when the expecta-
tion value starts within the region between the two minima H— 1 P
of the potential. We are able to show by precise numerical ) X
simulations, that the fixed points of the background evolution

A
T2 (902 Mg+ ¢

do not cover the static flat region completely. On the con- 1 5

trary, the spinodal region seems to be absolutely forbidden - 5; [ it (K2 M) ]

for the late time values of the mean field. Thus, as far as the

asymptotic evolution is concerned, our numerical results lead Nb D)

to the following conclusions. We can distinguish the points + 700 ’ kEk ; ¢k1¢k2¢k3¢k45f<1+k2+k3+k4,Oa
lying between the two minima in a fashion reminiscent of the 12 Rena

static classification: first, the vaIu_es s_at|sfy|ng the pmper%vheremﬁ and\,, are the bare parameters and depend on the
vIvV3<|¢.|<v are metastable points, in the sense that they v/ cutoff A in such a way to guarantee a finite limit

\?vr:icheiﬂitiF;cl)mtcSonOJititgr? ti’sact%rr%l;?gegv%l#“ct’ﬂé n%ténrsgleraoo for all observable quantities. It should be noted here

h for th . I d th that, the theory being trividl14] (as is manifest in the re-
(—v.v), we choose for the expectation valge second, the g, \meq one-loop approximation due to the Landau)gthle
points included in the interval 9| ¢..|<v/v3 are unstable

' | ) ultraviolet cutoff should be kept finite and much smaller than
points, because if the mean field starts from one of themye rengrmalon singularity. In this case, we must regard the
after an.early slo_w rolling down, it starts to oscillate Wlt.h 4 model as an effective low-energy thedhere low energy
decreasing amplitude around a point inside the classicg,oans practically all energies below Planck’s scale, due to
metastable interval. Obviouslys=v is the point of stable {ne |arge value of the Landau pole for renormalized coupling
equilibrium, and¢=0 is a point of unstable equilibrium. constants of order one or lgss
Actually, it should be noted that our data do not allow a We shall work in the wave-function representation where
precise determination of the border between the dynamicql¢|qf>:qf(¢) and
unstable and metastable regions; thus, the number we give
here should be looked at as an educated guess inspired by the o
analogous static classification and based on considerations (PoV)(@)=poW (o), (moW)(¢)=—i (;_%‘P(@)'
about the solutions of the gap equatisee Eq.(3.36]
Finally, in Sec. VI we give a brief summary of the results while for k>0 (in lexicographic sense

presented in this paper and we outline some interesting open
guestions that need more work before being answered prop- 1
erly. (Pe¥)(@)=—(exEip_ ¥ (o),

Il. CUTOFF FIELD THEORY V2

Let us consider the scalar field operathand its canoni- 1
cally conjugated momenturt in a D-dimensional periodic (e V) (@)= —( —i—= )\P(cp).
box of sizeL and write their Fourier expansion as customary V2 Ik Ik

_ e Notice that by construction the variableg are all real.
p(x)=L Dlz; B, ¢l: Pk In practice, the problem of studying the dynamics of the
¢* field out of equilibrium consists now in trying to solve
.\ _pp o - the time-dependent Schiimger equation given an initial
m(x)=L Ek: mET T M= Tk wave functionW (¢,t=0) that describes a state of the field
far away from the vacuum. This approach could be very well
with the wave vectork naturally quantizedk=(2x/L)n, generalized in a straightforward way to mixtures described
ne7P. by density matrices, as done, for instance,[10,15,18.
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Here we shall restrict to pure states, for the sake of simplic-
ity, and because all relevant aspects of the problem are al- q’(@):lﬂo(%)kl;lo (P, —k)- 3.1
ready present in this case.

We shall consider here the time-dependent Hartree-Fockhe dependence af, on its two arguments cannot be as-
(TDHF) approachan improved version with respect to what sumed to factorize in general since space translations act as
is presented, for instance, {13]), the largeN expansion SQ(2) rotations ong, and ¢_, (hence in case of translation
being to leading order treated in another wd&. In fact invariancey, depends only o2+ ¢2,). The approxima-
these two methods are very closely relafsele, for instance, tion consists in assuming this form as valid at all times and
in [17]). However, before passing to any approximation, weimposing the stationarity condition on the action
would like to stress that the following rigorous result can be
immediately established in this model with both UV and IR
cutoffs.

5| atio-ry=0, (=(rollww) @2

with respect to variations of the functiong . To enforce a
A rigorous result: the effective potential is convex uniform expectation value o we should add a Lagrange
multiplier term linear in the single modes expectatidgg)

This is a well known fact in statistical mechanics, bemgfor k#0. The multiplier is then fixed at the end to obtain

directly related to stability requirements. It would, therefore, _ ; e
hold also for the field theory in the Euclidean functional {#19=0 for all k#0. Actually one may verify that this is

) . equivalent to the simpler approach in whi is set to
formulation. In our quantum-mechanical context we may d P P C)

proceed as follow. Suppose the fiafdis coupled to a uni- vanish for aIIk%O before.any variatiqn. Then the only non-
f ¢ | ) 3. Then th d-stat ] trivial expectation value in the Hamiltonian, namely that of
form external source. 1hen the ground-state energy(J) the quartic term, assumes the form

is a concave function af, as can be inferred from the nega-

tivity of the second-order term iAJ of perturbation around 1

any chosen value af. Moreover,E(J) is analytic in a finite j dPx(p(x)) = L—D[<¢>é> —3(p5)?]

neighborhood ofl=0, sincel¢ is a perturbation “small”

compared to the quadratic and quartic terms of the Hamil- 3 s 2

tonian. As a consequence, this effective potentigk(¢) +2|__DgO [((ekt¢Z1)%)

=Ey(J)—J¢d, p=Ey(J)=(¢)y, that is the Legendre trans- . ,
form of Eg(J), is a convex analytic function in a finite 2 2 \\2 2
neighborhood of¢p=0. In the infrared limitL—o, Ey(J) 2({gi0+ (=TI L° Ek <"Dk>) '
might develop a singularity id=0 andVx(¢) might flatten 3.3
around¢=0. Of course this possibility would apply in the

case of spontaneous symmetry breaking, that is for a doubléNotice that the terms in the first row would cancel com-
well classical potential. This is a subtle and important pointpletely out for Gaussian wave functioglg with zero mean
that will play a crucial role later on, even if the effective value. The last term, where the sum extends to all wave
potential is relevant for the static properties of the modelvectorsk, corresponds instead to the standard mean-field re-
rather than the dynamical evolution out of equilibrium thatplacement ¢*)— 3($?)2. The total energy of our trial state
interests us here. In fact such an evolution is governed by theow reads

closed time path effective actidi8,19 and one might ex-

pect that, although nonlocal in time, it asymptotically re- E=(H _}E ‘9_2+ K2+ m2) o2 +ﬁf dP 4
duces to a multiple of the effective potential for trajectories =(H)= 29 \ oot (K+mp)eic) + 5 X7,

of ¢(t) with a fixed point at infinite time. In such a case (3.9

there should exist a one-to-one correspondence between . - .
fixed points and minima of the effective potential. and from the variational principlé3.2) we obtain a set of

simple Schrdinger equations

I1l. TIME-DEPENDENT HARTREE-FOCK ié’tlﬁk:Hkl//k, (3.5
APPROXIMATION
2
In order to follow the time evolution of the non-Gaussian H.= 10 1,5 M

4
: ) . . . . =— 5> 2T 5wt 77D Pos
quantum fluctuations we consider in this section a time- 07 T2 g2 " 2@0%P0T gD %0

dependent HF approximation capable, in principle, of de-

scribing the dynamics of non-Gaussian fluctuations of a 1/ & & 5 2
single scalar field withp* interaction. He==3 302" 992, + 5 ookt 9%y
We examine in this work only states in which the scalar
field has a uniform, albeit possibly time-dependent expecta- b 2. 2 2
tion value. In a TDHF approach we may then start from a + @(‘PK“L‘P%) ' 3.6
wave function of the factorized forrfwhich would be exact
for free fields: which are coupled in a mean-field way only through
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1
OR=KEAMEE 3Ny, =1 ZEAZ (e3), (37 xbfde<¢<x>4>:xL‘D[<¢S>—3<cpé>2
q=<
q#k,—k

N W

(et @%)%)

and define the HF time evolution for the theory. By construc- + ~

tion this evolution conserves the total enefgpf Eq. (3.4).

It should be stressed that in this particular TDHF approxi-
mation, beside the mean-field back-reaction t&mof all —2({eDy+ (o> N
other modes onwZ, we keep also the contribution of the
diagonal scattering through the diagonal quartic terms. In (3.10
fact this is why >, has no contribution from thé&mode
itself: in a Gaussian approximation for the trial wave func-
tions ¢, the Hamiltoniandd,, would turn out to be harmonic,
the quartic terms being absent in favor of a complete bac

+3\,LP32,

We keep the bare coupling constant in front of the term

containing3? because that part of the Hamiltonian is prop-
rly renormalized by means of the useaktusresummation
21] which corresponds to the standard HF approximation.

reaction, On the other hand, within the same approximation, it is not
<¢2>+<<P2 Y1 possible to renormalize the part in curly brackets of the equa-
=2+ ALAURL Sl A FE (@) (3.8  tion above, because of the factorized fof®nl) that we have
k

LP assumed for the wave function of the system. In fact, the
four-leg vertices in the curly brackets are diagonal in mo-
Thentum space; at higher order in the loop expansion, when
i X s "' we contract two or more vertices of this type, no sum over
effect and cou[d be neglected in the infrared limit, prov'd‘?dinternal loop momenta is produced, so that all higher-order
all wave functionsy, stays concentrated on mode ampli- hertyrhation terms are suppressed by volume effects. How-
tudesgy of order smaller thf”‘m—D/_z' This is the typical situ-  gyer e know that in the complete theory, the wave function
ation when all modes remain microscopic and the volume ing ot factorized and loops contain all values of momentum.
the denominators is compensated only through the summars syggests that, in order to get a finite Hamiltonian, we
tion over a number of modes proportional to the volumeneaeq to introduce in the definition of our model some extra
itself, so that in the limit. — sums are replaced by inte- resymmation of Feynmann diagrams, that is not automati-
grals cally contained in this self-consistent HF approach. The only
dPk choice consistent with the cactus resummation performed in

33— —D<<Pi>- the two-point function by the HF scheme is the resummation

K2<A2(27) of the one-looffish diagram in the four-point function. This

L , amounts to the change from, to N and it is enough to
Indeed, we apply this picture to all modes wki0, while g, 15antee the ultraviolet finiteness of the Hamiltonian
we do expect exceptions for the zero-mode wave functlothough the redefinition

Of course the quartic self-interaction of the modes as well a
the difference betweel and>,, are suppressed by a volume

bo.

The treatment of ultraviolet divergences requires particu- ANy BA=XNp) 5, 5
lar care, since the HF approximation typically messes things Ho—Ho+ 30 %o Hi—Hit ~gLb (Pt o))"
up (see, for instancd,20]). Following the same process of (3.11)

the largeN approximation[1,8,6], we could take as the _ )
renormalization condition the requirement that the frequenAt the same time the frequencies are now related to the
cies w? are independent of, assuming tham? and\, are ~ Widths (¢Z ) by
functions ofA itself and of renormalized-independent pa- 2 12 2 D, 2 2
rametersm? and\ such that o=k M==3AL" (i) +{(eZy), k>0,
2, 2 —Dy 2\ _ 2
02 = K2+ 2+ N[ S e 3.9 M= wi+3NL™"{pg) =mg+ 3\p2. (3.12

Apart for O(L ~P) correctionsM plays the role of the time-
dependent mass for modes witl 0, in the harmonic ap-

roximation.

In this new setup the conserved energy reads

where by[ Jsinite We mean théscheme-dependerfinite part

of some possibly ultraviolet divergent quantity. Unfortu-
nately this would not be enough to make the spectrum o
energy differences cutoff independent, because of the bare

coupling constank,, in front of the quartic terms i, and b2 b

the difference betweeB and 3, (such a problem does not E:k;o (Hio—= 7 ApLP22+ 2L

exist in largeN because that is a purely Gaussian approxi-

mation. Again this would not be a problem whenever these 22 B 2 \\2

terms become negligible ds—. At any rate, to be ready X| (o) +k2>:0 (e +{eZ)"|- .13

to handle the cases when this is not actually true and to

define an ultraviolet-finite model also at finite volume, we Since the gaplike equation8.12 are state dependent, we
shall by hand modify Eq(3.3) as follows: have to perform the renormalization first for some reference
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guantum state, that is for some specific collection of wave m§=m2—3>\blo(m2,/\). (3.17

functionsy, ; as soon as? and\,, are determined as func- .

tions of A, ultraviolet finiteness will hold for the entire class wherem=M(4$=0) may be identified with the equilibrium

of states with the same ultraviolet properties of the referencghysical mass of the scalar particles of the infinite-volume

state. Then an obvious consistency check for our HF apFock space without symmetry breakirigee below. Now,

proximation is that this class is closed under time evolutionthe coupling constant renormalization follows from the
Rather than a single state, we choose as reference theualities

family of Gaussian states parametrized by the uniform ex- o

pectation valud ¢(x)) =L P'%¢,)= ¢ (recall that we have M2=m2+ 3\ [ $?+ (M2, A)—1p(m?,A)]

(¢r)=0 whenk+#0 by assumptionand such that the HF

energyE is as small as possible for fixetl Then, apart from

a translation by.P"?¢ on ¢y, these Gaussia#y are ground- (3.19

state eigenfunctions of the harmonic Hamiltonians obtained

from H, by dropping the quartic terms. Because of kkén ~ @nd reads whed =3

the frequencies we expect these Gaussian states to dominate

in the ultraviolet limit also at finite volumeéas discussed A 3\ 2A (3.19

=m2+ 3\ 2+ 3N [1p(M2,A) = 1 5(M2, A) Jrinie

above they should dominate in the infinite-volume limit for Ay =1 W'Ogm_@’

any k#0). Moreover, since now

which is the standard result of the one-loop renormalization

group[22]. WhenD =1, that is a (2 1)-dimensional quan-

tum field theory| p(M?,A) —1p(m?,A) is already finite and

the dimensionful coupling constant is not renormalizkgl,

the relation(3.12 between frequencies and widths turn into — .

the single gap equation The Landau pole in, prevents the actual UV limit\
—o. Nonetheless, neglecting all inverse powers of the UV

( 2>:LD_2+i (92 >:i k#0, (3.14
(PO d) 20)01 (Pik 20)k1 3 .

2 m24 cutoff whenD =3, it is possible to rewrite the gap equation
M= mi+3n z%z \/k2+ vz) B (31 as
fixing the self-consistent value dfl as a function ofg. It M? _ m? +3$2 (3.20
should be stressed that E@.12 turns through Eq(3.14 )A\(M) )A\(m) )

into the gap equation only because of the requirement of

energy minimizqtion. Generigy,, regarded as initial condi- in terms of the one-loop running coupling constant
tions for the Schrdinger equation$3.5), are in principle not

subject to any gap equation. - o

The treatment now follows closely that in the lafyeap- )‘(M):)‘[ 1-gzlog
proximation[8], the only difference being in the value of the
coupling, that now is three times larger. In fact, in the case oft is quite clear that the HF states for which the renormaliza-
O(N) symmetry, the quantum fluctuations over a givention just defined is sufficient are all those that are Gaussian-
background ¢ (x))= ¢ decompose for eackinto one lon-  dominated in the ultraviolet, so that we hgwé. Eq.(3.14]
gitudinal mode, parallel tap, andN—1 transverse modes
orthogonal to it;_by.boson combinatorics the Iongitud.inal <<Pik>~i’ K2~ A2, Ao, (3.21)
mode couples tap with strength 3,/N and decouples in - 2wy
the N—oo limit, while the transverse modes couples ¢o
with strength N—21)\,/N—\,; whenN=1 only the lon-
gitudinal mode is there.

As L—o, wi—k?+M? andM is exactly the physical
mass gap. Hence it must be independent. At finitd. we
cannot use this request to determinéand)\b, since, unlike
M, they cannot depend on the sizeAt infinite volume we

-1

If this property holds at a certain time, then it should hold at
all times, since the Schdinger equation$3.5) are indeed
dominated by the quadratic term for largg and w§~k2

+ consttO(k™ 1) as evident from Eq(3.9). Thus this class of
states is indeed closed under time evolution and the param-
etrizations(3.17) and(3.19 make our TDHF approximation
ultraviolet finite. Notice that the requireme(®.21) effec-

obtain tively always imposes a gap equation similar to 315 in
2_ 2 2 2 the deep ultraviolet.
=mi+ + ; .
M7=+ 3kl 47+ 10 (M5 A)], Another simple check of the self-consistency of our ap-
b proach, including the change in selected places fkgrto \,
_ d"k 1 as discussed above, follows from the energy calculation for
Ipo(z,A)= D = (3.16 i ) = )
Ke<A2(2m)" 2\[k%+2z the Gaussian states wifkp(x) ) = ¢ introduced above. Using
_ Eq. (3.4 and the standard replacement of sums by integrals
When ¢=0 this equation fixes the bare mass to be in the infinite volume limit, we find
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— B 1— . — =M(¢) solves the gap equatiaB.18. The absence afy in
&)= lim i5=75¢%(M"=A¢%) |0, M) is irrelevant in the infinite volume limit, sincép3)
Lo =LP¢?+terms of orderL’. The effective potentiaV/qsx(¢)
1 dPk =&(¢p)—&(0), where&( @) is the lowest energy density at
- KZr M2 :
3 szgAz(zw)D KM fixed ¢ and infinite volume, is manifestly a convex function

with a unique minimum ing=0.
_ E 2 2 2 Now let us consider a different situation in which one or
4)\b|:(lS +ID(M !A)] ’ 2 . . . . .
more of thew; are negative. Quite evidently, this might hap-
_ _ pen only fork small enough, due to the in the gap equa-
where M=M(¢) depends onp through the gap equation tion [thus Eq.(3.21) remains valid and the ultraviolet renor-
(3.18. The explicit calculation of the integrals involved malization is the same as for unbroken symmktActually,
shows that the energy density differerfi{es) — £(0) [which ~ we assume here that onlgo§<0, postponing the general
for unbroken symmetry is nothing but the effective potentialanalysis. Now the quartic term id, cannot be neglected as
Ver()], is indeed finite in the limit\ —c, as required by a L—, since in the ground staig, is symmetrically concen-
correct renormalization scheme. Notice that the finiteness dfated around the two minima of the potential @fp3
the energy density difference can be shown also by a simpler (\/4LP)/ ¢}, that isgo=*+ (— w3LP/\)Y2 If we scaleg,
and more elegant argument, as presented below in Sec. lll Bis p,=LP"%¢ thenH, becomes
This check would fail instead wheb =3 if only the bare
. . 2 D
coupling constank, would appear in the last formula. oo 1 0_+ L™, 2 N 3.9
The TDHF approximation derived above represents a 07 2LP g2 2 woé 2 &) (3.22
huge simplification with respect to the original problem, but
its exact solution still poses itself as a considerable chalso that the largelL grows the narrower/y(§¢) becomes
lenge. As a matter of fact, a numerical approach is perfectiaround the two minimaé=+(—w3/\)*2 In particular,
possible within the capabilities of modern computers, pro-<§2>ﬂ_wg/)\ when L—c and <¢g>:LD<g2>_ Moreover,
vided the number of equatior8.5) is kept in the range of the energy gap between the ground statéigfand its first,
few thousands. As will become clear later on, even this nupdd excited state as well as the difference between the rela-
merical workout will turn out not to be really necessary in tive probability distributions fort vanish exponentially fast
the form just alluded to, at least for the purposes of thisp the volumelP.
paper. Since by hypothesis alb? with k=0 are strictly positive,
the ground state), with k#0 are asymptotically Gaussian
A. On symmetry breaking whenL— o and the relation$3.12 tend to the form

Quite obviously, in a finite volume and with a UV cutoff
there cannot be any symmetry breaking, since the ground
state is necessarily unique and symmetric when the number

wi=k*+M?=Kk>+m?,

of degrees of freedom is finif@3]. However, we may hand- M2=—2w2=m2+ 3Ny (L P(@3)+30)
ily envisage the situation which would imply symmetry 5 ) 5
breaking when the volume diverges. =my+3hpwy+ 3Nplp(M%A)].

Let us first consider the case that we would call of unbro-
ken symmetry. In this case the HF ground state is very clos@his implies the identificatiow§ = —m?/2 and the bare mass
to the member withp=0 of the family of Gaussian states Parametrization
introduced before. The difference is entirely due to the quar- .
tic terms inH,.. This correction vanishes wheén— o, since 2_[4_° 2_ 2
all wave functions), havel-independent widths, so that one M (1 2 )‘b/A) m“—3\plp(Mm,A),  (3.23
directly obtains the symmetric vacuum state with all the right
properties of the vacuuittranslation invariance, uniqueness, characteristic of a negatiwaé [compare to Eq(3.17)], with
etc) upon which a standard scalar massive particle Fockn being the physical equilibrium mass of the scalar particle,
space can be based. The HF approximation then turns out &s in the unbroken symmetry case. The coupling constant
be equivalent to the resummation of all “cactus diagrams”renormalization is the same as in £§.19 as may be veri-
for the particle self-energ}21]. In a finite volume, the cru- fied by generalizing to the minimum energy states with given
cial property of this symmetric vacuum is that all frequenciesfield expectation valuep; this minimum energy is nothing
wﬁ are strictly positive. The generalization to nonequilibrium put the HF effective potentiavgff(@, that is the effective
initial states with¢# 0 is rather trivial: it amounts to a shift potential in this non-Gaussian HF approximation; of course,
by LP2¢ on ¢o( o). In the limit L—o we should express since i is no longer asymptotically Gaussian, we cannot
o as a function of¢=L"P2¢, so that, |o(&)|>— (¢  simply shift it by LP’2¢ but, due to the concentration g,
— ¢), while all other wave functiong, will reconstruct the on classical minima ak—c, one readily finds tha¥/sq(¢)
Gaussian wave functional corresponding to the vacuunis the convex envelope of the classical potential, that is its
|0, M) of a free massive scalar theory whose magds Maxwell construction. Hence we find
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—LPw?/\, )\gzg_wé, We see that the specific bare mass parametrizaBa2d
(@3) ~ — — 5 guarantees the nonrenormalization of the tree-level relation
Lo | LP @2, Np?>—w 2_ 2 : : :
0 v =m</2\ ensuing from the typical symmetry breaking

classical potential/( ¢) = 1/4\ (% —v?2)?. With the same fi-
nite part prescription as in E€3.18, the gap equatio(B8.24
leads to the standard coupling constant renormalization

and the gap equation for tlﬁg—dependent maskl can be
written, in terms of the step functio® and the extremal

ground-state field expectation value=m/+/2x, (3.19 whenD =3,
M2=m2+3)\b($2—vz)($2—v2) In terms of the probability distributionlsyy(€)|? for the

scaled amplitude¢=L"P"2p,, the Maxwell construction
+3Np[Ip(M2,A)—Ip(m2,A)]. (3.24  corresponds to the limiting form

1 Y 1 Y 422
§(1+¢/v)5(§—v)+ E(l—d)/v)é‘(g-l—v), de=v”,

|o( )% ~ (3.25

S se- ), P02

On the other hand, i@g is indeed the only negative squared exhibiting symmetry breaking{¢(x))==*v, and corre-
frequency, thek+0 part of this minimum energy state with sponding to the two independent equal weight linear combi-
arbitrary ¢=( ¢(x)) is better and better approximated las nations pf Fhe two degenerate vacuum states. The true
— by the same Gaussian stafeM ) of the unbroken sym- Vacuum is either one of these symmetry broken states. Since
metry state. Only the effective mashas a different depen- the two Fock sectors are not only orthogonal, but also super-

denceM _ as given by the gap equati¢d.24), proper b selectedno local observable interpolates between thdim-
of broke(r1¢s)ymmgtry. y gap equatie.24), proper by ear combinations of any pair of vectors from the two sectors

At infinite volume we may write are not distinguishable from mixtures of states and clustering
cannot hold in nonpure phases. It is perhaps worth noticing
also that the Maxwell construction for the effective potential,

— 1
D=C(¢)6P (k) + ————, in the infinite volume limit, is just a straightforward mani-
Vo) =ClP) "0 2\Vk“+M festation of this fact and holds true, as such, beyond the HF
— = o approximation.
whereC(¢)= ¢ in case of unbroken symmetfshat is wg To further clarify this point and in view of subsequent
>0), while C($)=max@?¢?) when w3<0. This corre- applications, let us consider the probability distribution for
sponds to the field correlation in space the smeared field;= [dPx¢(x)f(x), where
d°k o e 1 . d°k ~
<¢(X)¢(y)>=f(zT)D<¢k>e oy f(x)=f(—x)=L—D; fke'k'XL:JWf(k)e'k'X

=C(¢)+Ap(x—y,M), . . D :
is a smooth real function withfd®xf(x)=1 (i.e., fp=1)
whereAp(x—y,M) is the massive free field equal-time two- localized around the origitwhich is good as any other point
point function inD space dimensions, with self-consistent owing to translation invariange Neglecting in the infinite

massM. The requirement of clustering volume limit the quartic corrections for all modes wikh
. #0, so that the corresponding ground-state wave functions
(d(X)p(y))—(b(x))*=v are asymptotically Gaussian, this probability distribution

. o . evaluates to
contradicts the infinite volume limit of

_ o Prlu<¢;<u-+du)

<¢(X)>:L*D/22k <¢k>elk-X:<(P0>:¢ du e _(u_g)z
_ 2

o _—F(Zﬂ'Ef)lzf,w dé|go(&)] eXF’[ 73, ],

except at the two extremal poings= +v. In fact, we know

that theL — o< limit of the finite volume states witp><v?  \where
violate clustering, because the two peaks/gf¢) have van-

ishing overlap in the limit and the first excited state becomes, dPk ?(k)z
degenerate with the vacuum: this implies that the relative Se= >, (o2)f2 ~ 5 i
Hilbert space splits into two orthogonal Fock sectors each k#0 Lowd (27)7 2\k2+m?
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In the unbroken symmetry case we hdv,ﬁ)(g)|2~5(§—$) as L—oo, while the limiting form (3.25 holds for broken
symmetry. Thus we obtain

Prlu<¢;<u-+du)=ps(u—¢)du,
—u?
pf(U)E(ZwEf)l’zexp(z—Ef)
for unbroken symmetry and
1 — 1 — —
5 (14 ¢lv)pi(u=v)du+ = (1= p/v)pr(u+v)du, P?<v?,

Prlu<¢;<u+du)= o -
pf(u_¢)dul ¢>U2

for broken symmetry. Notice that the momentum integrationby Eqgs.(3.12). Thus the change propagates to all wave func-
in the expression fok ; needs no longer an ultraviolet cutoff; tions. The difficult task of studying this dynamics can be
of course in the limit ofs-like test functionf (x),2 diverges  simplified with the following scheme, that we might call the
and p;(u) flattens down to zero. The important observationGaussian approximation/Ne first describe it and discuss its
is that Pr< ¢s<u+du) has always a single peak centered validity later on.
in u= ¢ for unbroken symmetry, while for broken symmetry  Let us assume the usual Gaussian form for the initial state
it shows two peaks fog2$v2 and’S; small enough. For [see_E_q.(3.14) and the d_iscussion following Jit We know
instance, if¢=0, then there are two peaks far<v? [im- th_at |t.|s a good approximation to the Iovyes'g energy state
in thath(k) has a significant SUPDort onlv Ub o wave with given{¢g) for unbroken symmetry, while it fails to be
PyIng g bp y 2p so for broken symmetry, only as far a is concerned,
vector k of orderv, when D=3, or mexp(consv<) when 5 o o . )
D=1]. unless¢ =0 At any r_ate _thls is an a_\cceptable initial state:
To end the discussion on symmetry breaking, we ma)}ue ﬂ“es“oﬁ‘ IS abou'_[ Its .tlmef eva?r:iutlohhskupgose (\j/ve adopt
now verify the validity of the assumption that only? is the harmonic approximation for aH with k=0 by drop-

. . ping the quartic term. This approximation will turn out to be
hegative. In fact, to any squared frequermﬁ/ (with k+0) valid only if the width of, do not grow up to the orderP
that stays strictly negative ds—oo, there corresponds a

; L (by symmetry the center will stay in the origifin practice
wave function ¢ that .concentratzes ONei+¢~k= e are now dealing with a collection of harmonic oscillators
—wiL°/\; then Eqs(3.12) imply —2w =k?+m? for such  \yith time-dependent frequencies and the treatment is quite
frequencies, whilesg=k?+m? for all frequencies with posi-  elementary: consider the simplest example of one quantum
tive squares; if there is a macroscopic number of negaifve degree of freedom described by the Gaussian wave function
(that is a number of orddrP), then the expression fmsg in

Eq. (3.12 will contain a positive term of ordet® in the e ia 1/ 1 s
right-hand side(rhs), clearly incompatible with the require- Y(q.t)= mexp{ - 5(2_(72_' ;)qz ,

ments thaiw3<0 andm? be independent df; if the number

of negativewﬁ is not macroscopic, then the largest wave

vector with a negative squared frequency tends to zero asheres, o, and the overall phaseare time dependent. If the

L—oo (the negativewﬁ clearly pile in the infraredand the dynamics is determined by the time-dependent harmonic

situation is equivalent, if not identical, to that discussedHamiItonian%[—ﬁ§+w(t)2q2], then the Schidinger equation

above with onlyw§<0. is solved exactly provided tha and o satisfy the classical
Hamilton equations

B. Out-of-equilibrium dynamics
. . 1
We considered above the lowest energy states with a pre- 5=s, 5=—w?c+-—3.
(o

definite uniform field expectation valug$(x))= ¢, and es- 4
tablished how they drastically simplify in the infinite volume
limit. For generic¢ these states are not stationary and will |t js not difficult to trace the “centrifugal” force (&) 3

evolve in time. By hypothesigy is the ground-state eigen- which prevents the vanishing of to the Heisenberg uncer-
function of H, when k>0, and thereford |2 would be tainty principle[2,15].

stationary for constanby, but iy is not an eigenfunction of  The extension to our case with many degrees of freedom
Ho unless ¢=0. As soon agy,/? starts changing(<p§> is straightforward and we find the following system of equa-
changes and so do all frequencigswhich are coupled to it tions:
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J dZO'k 2 1
|E¢0:Holp’0, _2_dt :_(J)k()'k+ EE, k>0,
(3.26

coupled in a mean-field way by the relatio(&12, which
now read
wi=k?+M?=6AL Pa?, k>0,

M2=m2+3\p(L " P(e3)+30)

1
20=L—DZ . (3.27
k#0

PHYSICAL REVIEW D62 025008

M2=m2+ 3\, [ p2— 02+ 3 — 1 5(m2A)],

m?=2\v?

(3.3)

for broken symmetnfthat is mﬁ as in Eqg.(3.23]. In any
case we define

1 dPk
_ 2 2
2= LDEk: UkLﬂoo szsAz(Zﬂ')D 7k

as the sum, or integral, over all microscopic Gaussian widths
[N.B.: this definition differs from that given before in Eq.

(3.9) by the classical terng?]. Remarkably, the equations of

This stage of a truly quantum zero mode and classical modesiotion (3.29 are completely independent of the ultraviolet
with k>0 does not appear fully consistent, since for largecutoff and this is a direct consequence of the substitution
volumes some type of classical or Gaussian approximatio8.11). Had we kept the bare coupling constant everywhere
should be considered fap,, too. We may proceed in two in the expressiofi3.10, we would now have\,, also in front
(soon to be proven equivalgnvays. of the ¢2 in the rhs of the first of the two equatioii3.29

(1) We shiftpo=LP"2¢+ 7, and then deal with the quan- (cf., for instance, Ref[1]).
tum mode 74 in the Gaussian approximation, taking into  The conserved HF energ{density corresponding to
account that we must hayey,)=0 at all times. This is most these equations of motion reads
easily accomplished in the Heisenberg picture rather than in
the Schrdinger one adopted above. In any case we find that
the quantum dynamics af, is equivalent to the classical
dynamics of¢ and oo=(73)"? described by the ordinary
differential equations

d2¢ — -, d’op 1
WZ-wéq&—)\qﬁ?’, dt2 (1)(2)0'0+4 3

(3.28

wherewi=M?2—3\L"P(p2) and(¢3)=LP¢>+ o2.

(2) We rescalep,= LP’%¢ right away, so thaH , takes the
form of Eq.(3.22. ThenL — = is the classical limit such that
(&) concentrates o§= ¢ which evolves according to the
first of the classical equations in E@.28. Since now there
is no width associated with the zero modeis coupled only

to the widthsoy with k#0 by wj=M?2—-3\¢? while M2 similarity to the energy functional of the largéapproach is

= m§+ 3Np(P%+30). evident; the only difference, apart from the obvious fact that
It is quite evident that these two approaches are comg is a single scalar rather than @(n) vector, is in the

pletely equivalent in the infinite volume limit, and both are a mean-field couplingr,— ¢ ando— 3., due to different cou-

good approximation to the 0r|g|nal TDHF Scldmger equa- pling strength of transverse and longitudinal mo¢fs Ref.

tions, at least provided that3 stays such that ~°oj van-  [g]).

ishes in the limit for any time. In this case we have the This difference between the HF approach for discrete

evolution equations symmetry(i.e., N=1) and the largeN method for the con-

tinuousO(N) symmetry is not very relevant if the symmetry

is unbroken(it does imply however a significantly slower

E=T+V, T= ¢)2+2L02“k’

1 —
+ S my($+3)

LD 2 (k20k+ _2

3 — 1 —
+be(¢2+2)2—§>\¢4. (3.32
Up to additive constants and terms vanishing in the infinite
volume limit, this expression agrees with the general HF
energy of Eq.(3.13 for Gaussian wave functions. It holds
both for unbroken and broken symmetry, the only difference
being in the parameterization of the bare mass in terms of
UV cutoff and physical mass, Eq$3.17 and (3.23. The

2

2 2
dt? =(2A$"=M9¢, dissipation to the modes of the back-ground energy density
On the other hand, it has a drastic consequence on the equi-
d?o 5 ) 1 librium properties and on the out-of-equilibrium dynamics in
aiZ —(K*+ Moy + 45 (329 case of broken symmetiisee below, since massless Gold-

stone bosons appear in the lafgeapproach, while the HF
treatment of the discrete symmetry case must exhibit a mass
also in the broken symmetry phase.

The analysis of physically viable initial conditions pro-
ceeds exactly as in the largapproacH 8] and will not be
repeated here, except for an important observation in case of

mean-field coupled by the— « limit of Egs. (3.27), namely
(3.30

for unbroken symmetrjthat ismZ as in Eq.(3.17)] or

M2=m2+ 3\, [ p2+3 — 1 5(M3,A)]
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FIG. 1. Zero-mode amplitude
evolution for different values of
the size L/27=20, 40, 60, 80,
100, forA=0.1 and broken sym-
metry, with ¢=0.

broken symmetry. The formal energy minimization with re- coincides with the Maxwell one. As in the lar@eapproach
spect tooy at fixed ¢ leads again to in the spinodal interval there is no energy minimization pos-
sible, at fixed background and for microscopic widths, so

) 1 that a modified form of the gap equation
=0, o=——m—, 3.3
PN v (3:33
— 1
and again these are acceptable initial conditions only if the M2=m?+3\,| ¢p?>—0v’+ o ol
gap equation that follows from E¢B8.31) in the L— oo limit, K*<|M?|

namely 1
o2

1
— | 5(MA 3.3
00 2 o) | @39

M2=m2+ 3\ o[ ¢2— 02+ (M2 A) — I (M2 A)] *

(3.39

admits a non-negative, physical solution f@¢. Notice that  should be applied to determine ultraviolet-finite initial con-
there is no step function in E@3.34), unlike the static case (itions.

of Eq. (3.24), becauserj was assumed to be microscopic, SO The main question now is: how will the Gaussian widths
that the infinite volumeaﬁ has no &like singularity in k o grow with time, and in particular how wily grow in
=0. Hence,M =m solves Eq.(3.39 only at the extremal case of method 1 above, when we start from initial condi-
points ¢=*v, while it was the solution of the static gap tions where all widths are microscopic? For the Gaussian
equation(3.24) throughout the Maxwell regior-v<gp=<yp.  @PProximation to remain valid through time, ail, and in
The important observation is that E§.34 admits a positive ~Particularop, must at least not become macroscopic. In fact
solution forM? also within the Maxwell region. In fact it can W€ have already positively answered this question in the
be written, neglecting as usual the inverse-power correction§rgeN approach[8] and the HF equations3.29 do not

in the UV cutoff differ so much to expect the contrary now. In particular, if
we consider the special initial conditioh= ¢=0, the dy-
M2  m? _ _ namics of the widths is identical to that in the lariyeap-

NI = T+3(¢2—02)=3¢2—02 (3.35  proach, apart from the rescaling by a factor of 3 of the cou-

pling constant.
L . In fact, if we look at the time evolution of the zero-mode
and there exists indeed a positive solutdA smoothly con- . .

> o 5 5 amplitude oy (see Fig. ], we can see the presence of the
n_(zctetg to the grOU”P' state; _20 %ndhg =m Whenevgr time scaler_ at which finite volume effects start to manifest.
¢*=v°/3. The two intervalsy“= $==v°/3 correspond in-  The time scaler, turns out to be proportional to the linear
deed to the metastability regions, whiié<v?/3 is the spin-  sjze of the box. and its presence prevents from growing
odal region, associated to a classical potential proportional tey macroscopic values. Thus our HF approximation confirms
(¢p?>—v?)?. This is another effect of the different coupling of the largeN approach in the following sense: even if one
transverse and longitudinal modes: in the laljepproach considers in the variational ansatz the possibility of non-
there are no metastability regions and the spinodal regioGaussian wave functionals, the time evolution from Gauss-
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FIG. 2. Next-to-zero modek(
=2m/L) amplitude evolution for
i different values of the sizel
! =20, 40, 60, 80, 100, fox=0.1
and broken symmetry, withg
i =0.

0 100 200

ian and microscopic initial conditions is effectively restricted functions ¢, are asymptotically Gaussians bs-«. In the
for large volumes to nonmacroscopic Gaussians. presence of symmetry breaking instead, this agreement holds
Strictly speaking, however, this might well not be enough,true only for ¢?=v?; for v?/3< $p?<v? the GaussialV g

sincg thg infrared fluctuations do grow beyond the micro-exists but is larger than the HF potentmg'ff, which is al-
scopic size to become_ of order(see Fig. 2, Wh_ere the evo- ready flat. In fact, for any¢?=v%3, we may write the
lution of the mode with momenturk=27/L is plotted. GaussiarV... as
. . . . . eff
Then the quartic term in the lokw-HamiltoniansH, is of
order L and therefore it is not negligible by itself in the
—oo limit, but only when compared to the quadratic term, - - ¢l 2 2
whichfor a fixedw; of order 1would be of ordet.2. But we Veil )= Verl = ¢)=Verl(v) + L duUM(w)"=2au7],
know that, whenp =0, after the spinodal time and before the
7., the effective squared madd? oscillates around zero 2 )
with amplitude decreasing 4s* and a frequency fixed by Where M(u)® solves the gap equatiori3.35, namely
the largest spinodal wave vector. In practice it is “zero onM(U)?=X(M(u))(3u*~v?). In each of the two disjoint re-
average” and this reflect itself in the average linear growthdions of definition this potential is smooth and convex, with
of the zero-mode fluctuations and, more generally, in théinique minima in+v and —v, respectively. These appear,
average harmonic motion of the other widths with nonzerdherefore, as regions of metastabilitates which are only
wave vectors. In particular the modes with small wave veclocally stable in the presence of a suitable uniform external
tors of orderL ~! feel an average harmonic potential wit§ ~ sourcé. The HF effective potential is identical fap*=v?,
of orderL ~2. This completely compensate the amplitude ofWhile it takes the constant valug(v) throughout the inter-
the mode itself, so that the quadratic term in the low- nal regiong?<uv?. Itis based on truly stabl@ot only meta-
HamiltoniansH, is of orderL?, much smaller than the quar- stable states. The Gaussia¥; cannot be defined in the
tic term that was neglected beforehand in the Gaussians appinodal regiong?<wv?/3, where the gap equation does not
proximation. Clearly the approximation itself no longer ap-admit a non-negative solution in the physical region far away
pears fully justified and a more delicate analysis is requiredirom the Landau pole.
We intend to return on this issue in a future work, restricting  Let us first compare this HF situation with that of lafge
ourselves in the next section to the Gaussian approximatiofig]. There the different couplings of the transverse modes is
three times smaller than the HF longitudinal coupling, and
IV. LATE-TIME EVOLUTION AND DYNAMICAL this has two main consequences at the static level: the gap
MAXWELL CONSTRUCTION equation similar to Eq(3.35 does not admit non-negative

L . . . _ solutions forg$?<v?, so that the spinodal region coincides
By definition, the Gaussian approximation of the effective,yity the region in which the effective potential is flat, and

potential Ver(¢) coincides with the infinite-volume limit of  the physical mass vanishes. The out-of-equilibrium counter-
the potential energy(¢,{oy}) of Eq. (3.32 when the part of this is the dynamical Maxwell construction: when the
widths are of the-dependent, energy-minimizing form initial conditions are such that? has a limit fort—o, the
(3.33 with the gap equation favl? admitting a non-negative set of all possible asymptotic values exactly covers the flat-
solution. As we have seen, this holds true in_the unbrokemess regioriand the effective mass vanishes in the ljmiih

symmetry case for any value of the backgroupdso that practice this means thé#| is not the true dynamical order
the GaussialY is identical to the HF one, since all wave parameter, whose large time limit coincides withthe equi-
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librium field expectation value in a pure phase. Rather, ongion shows thaip oscillates around a certain valge, with
should consider as an order parameter the renormalized locah amplitude that decreases very slowly. As in lakjehe

(squaredl width asymptotic valuep,, depends on the initial valug(0). But,
) if the backgroundp starts with zero velocity from a non zero
lim <¢(X)'¢(X)>R:¥2+ER:U2+ M” value inside the spinodal interval, then it always leaves this
N oo N N region and eventually oscillates around a point between the

spinodal pointv/v3 and the minimum of the tree-level po-

where the last equality follows from the definition itself of tentialv (see Fig. 3 and)4In other words, if we start with a
the effective mas#/ (see Ref[8]). SinceM vanishes as ¢ _in the intervall —v,v], except the origin, we end up with
— o when ¢? tends to a limit within the flatness region, we @ ¢.. in the restricted intervdl—v, —v/v3]U[v/V3,v]. The
find the renormalized local width tends to the correct value Spinodal region is completely forbidden for the late time evo-
which characterizes the broken symmetry phase, that is thigtion of the mean field, as is expected for an unstable re-
bottom of the classical potential. We may say that the spingion. We stress that we are dealing with true fixed points of
odal region, perturbatively unstable, at the nonperturbativéhe asymptotic evolution since the force term on the mean
level corresponds to metastable states, all reachable throudield [cf. Eq. (3.29, f=2(\ $*—M?) ¢] does vanish in the
the asymptotic time evolution with a vanishing effective limit. In fact, its time averagé= [ Tf(t)dt/T tends to zero as
mass. o . T grows and its mean-squared fluctuations arodinde-

In the HF approximation, where at the static level thecreases towards zero, although very slovgge Figs. 5 and
§pinodal region¢2<v2/3 is smaller than the flatness region 6). Moreover, for N=1 the order parameter reads, Bs
$*<v?, the situation is rather different. Our numerical solu- —c,
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FIG. 5. The average forcé
defined a= [T f(t)dt/T, plotted
vs T, for A\=0.1 and ¢=102
(solid ling), ¢=10"2 (dashed
line) and ¢=10"* (dotted-dashed
line).

v T ¥ ¥
120 140 160 180 200 220 240 260

5 - v?2 M2 v2—¢? tions of motion (3.29 exists in which the backgroune
($(0)r= +ER:§+ 3N 2R=3 tends to a constanp,. ast—, one might expect that the
effective action(which however is nonlocal in timesome-
where the last equality is valid for the asymptotic values andow reduces to &énfinite) multiple of the effective potential,
follows from the vanishing of the force termFrom the last  so that¢.. should be an extremal of the effective potential.
formula we see that whe#i=0 at the beginning, and then at This is still an open question that deserves further analytic
all times, the renormalized back reaction tend® %8, not  studies and numerical confirmation.
v?. It “stops at the spinodal line.” The same picture applies It is worth noticing also that when the field starts very
for a long time, all during the “slow rolling down'(see Sec. close to the top of the potential hill, it remains there for a
V), to evolutions that start close enoughde-0. This factis  very long time and evolves through a very slow rolling
at the basis of the so-callegpinodal inflation[24]. down, before beginning a damped oscillatory motion around
In any case, the dynamical Maxwell construction, eithera point in the metastability region. During the slow roll pe-
complete or partial, poses an interesting question by itself. Imiod, M? oscillates around zero with decreasing amplitude
fact it is not at all trivial that the effective potential, in any of and the “phenomenology” is very similar to the evolution
the approximation previously discussed, does bear relevandeom symmetric initial conditions, as can be seen comparing
on the asymptotic behavior of the infinite-volume systemFigs. 7 and 8. Figure 9 shows the evolution of the zero-mode
whenever a fixed point is approached. Strictly speaking iramplitude in the case of a very slow rolling down. In such a
fact, even in such a special case it is not directly related tease, after a very shotcompared to the time scale of the
the dynamics, since it is obtained from a static minimizationfigure) period of exponential growtfthe spinodal timg the
of the total energy at fixed mean field, while the energy is noguantum fluctuations start an almost linear growth, very
at its minimum at the initial time and is exactly conserved insimilar to the evolution starting from a completely symmet-
the evolution. On the other hand, if a solution of the equa-ic initial state. This, obviously, corresponds to the vanishing

28e-3

24e-3 —

20e-3 —

1603 _ FIG. 6. The mean-squared
fluctuations of the forcé, defined
asST(f(t)—f)2dt/T, plotted vsT,

12e-3 for the three initial conditions of

] Fig. 5.
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4e-3
0
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of the effective mass. In the meanwhilé, keeps growing fixed valueL for the linear size of the system, we can find a
and rolling down the potential hill with increasing speed to-whole interval of initial conditions for the mean field, which
wards the minimum of the classical potential, eventually endeave enough time to the fluctuations for growing to orider
tering the metastable region. At that time, the effective massuch before the field itself had rolled down towards one of
starts to increase again and the zero mode stops its line#ie minima of the classical potential. For those particular
growth, turns down and enters a phase of “wild” evolution. evolutions, we would need to consider the quartic terms in
This time scale, let us call its,q, depends on the initial the Hamiltonians that the Gaussian approximation neglects,
value of the condensate: the smallgft=0) is, the longer as already explained.
Tsrg Will be. We find numerically thatrg, g (¢(t=0))~ Y2 In addition, there will be also initial conditions for which
If we now study the dynamics in finite volume, starting 7, > 75,4. In that case, the effective mass soon starts oscil-
from condensates different from zero, we will find a compe-lating around positive values and it is reasonable to think that
tition betweenr,4 and 7, the time scale characteristic of it will take a much longer time tham_ for the finite volume
the finite volume effects, that is proportional to the lineareffects to manifest. Ifi8] we have interpreted the proportion-
size of the box we put the system in. Figure 10 shows clearlylity betweenr, andL as an auto interference effectue to
that whenL/27=100 and¢=10 >, we haverg,q~7_ . In  periodic boundary conditionsuffered by a Goldstone boson
any case, either one or the other effect will prevent the zerowave, traveling at the speed of light, at the moment it reaches
mode amplitude from growing to macroscopic values for anythe borders of the cubic box. Here, the massless wave we
initial condition we may start with. have in the early phase of the evolution, rapidly acquires a
It should be noted, also, that the presence of the time scalgositive mass, as soon as the condensate rolls down; this
Tsrq does not solve the internal inconsistency of the Gaussiadecelerates the wave’s propagation and delays the onset of
approximation described above in Sec. IlI B. In fact, for anyfinite volume effects. The Gaussian approximation appears
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to be fully consistent when we limit ourselves to the evolu- M
tion of these particular configurations. 2= E gnaﬁ,
n=0
V. NUMERICAL ANALYSIS whereg, is the appropriate “degeneracy” factor and is

We discuss in this section the asymptotic behavior of théhe _number of modes With distinct dynamics._ Technic_ally it
dynamical evolution as it turns out from our numerical re-'S Simpler to treat an equivalent set of equations, which are
sults in the Gaussian approximation. Let us begin with thd®'Mally linear and do not contain the singular Heisenberg
precise form of the evolution equations for the field back-t€rm <o, *. This is done by introducing the complex mode
ground and the quantum mode widths, as described in Sec8Mplitudes z,= o, exp(6,), where the phase®, satisfy
B [cf. Eq.(3.29]: 020,=1. Then we find a discrete version of the equations

studied, for instance, in Refl], namely
d? d? )
+(M2—27\¢2)}¢—0, [+kn+M2 1

dt® dt® al 2
LD I’]ZO gn|zn| (52)

On™ 7~ 37—
4o, 2 2

— +ki+M
(5.9 n

dt®

0, d2
[ z,=0, X=

where the indexn labels the discrete set of values used tosubject to the Wronskian condition

perform the summatio(finite volume or the integratior(in-

finite volume over momenta in the quantum back reaction ZnZn—ZnZp=—1.

>, while M?(t) is defined by Eq(3.30 in case of unbroken

symmetry and by Eq(3.3) in case of broken symmetry. One realizes that the Heisenberg termoin corresponds to
The back reactioX, reads, in the notations of this appendix the centrifugal potential for the motion in the complex plane
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~ FIG. 10. Comparison between
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1 sponds to a finite volume simula-
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800 |
=0.1.
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of z,. Looking at Figs. 2 or 9, we can see that the motions of 1 d 0.

. ) . Zy . n

the quantum modes correspond qualitatively to orbits with z,(0)= —, H(O):I >
very large eccentricities. In fact, there are instants in which V2Q,

o, is very little and the angular velocity,, is very large.

This is the technical reason for preferring the equations in thvhere Q= \k2+M?(0) and the initial squared effective

form (5.2). massM?(t=0), has to be determined self-consistently, by
To solve these evolution equations, we have to chooseneans of its definitior{3.30).

suitable initial conditions respecting the Wronskian condi- In the case of broken symmetry, the gap equation is a

tion. In the case of unbroken symmetry, the requirement of/iable means for fixing the initial conditions only wheh

minimum energy for the quantum fluctuations leads to thdies outside the spinodal regidief. Eq. (3.35]; otherwise,

massive particle spectrum: the gap equation does not admit a positive solution for the

FIG. 12. Evolution of the
mean valuegp for A=0.1 and for
two different initial conditions:¢
=0.08 (solid line) and ¢=0.16
(dashed ling with the “flipped”
choice for the spinodal modes.

-3 T T T T T T v T
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squared effective mass and we cannot minimize the energmooth curve, which has its maximum exacﬂy@: J5
of the fluctuations. Following the discussion presented inthe point of stable equilibriuln When we start from an
; ina i — W2 2T —
Sec.2||| B, 20”e possible choice is to Sﬁi—l_/Nk +[M?] _initial condition smaller tharp(t=0)=0.88, the asymptotic
for k*<[M?| gnd theq solve_ the corre.spond|r_1gl gap equat'OQ/alue ¢.. is not guaranteed to be positive anymore. On the
ii?c)) Ir?G)Ar\l/\é?h\évrI”a((::acltle ﬂ:;lghg;]%?cgﬁvofgﬁjpﬁg t:)n';'glvgotr:g acontrary, it is possible to choose the initial condition in such
: b 9 g way that the condensate will oscillate between positive and

equation, setting a massless spectrum for all the spinod . ) .
d 9 P b egative values for a while, before settling around an

modes but the zero mode, which is started from an arbitrar);,1 tofi | ith the oth -
albeit microscopic, value. This choice will be called the asymptotic valueé near either oné or the other minimum, as

“massless” initial condition. Fig. 12 clearly shows. Figures 13, 14, and 15 helps us to
Before discussing the influence of different initial condi- Understand this behavior by consideration of the energy bal-

tions on the results, let us present the asymptotic behavior wance. Both the evolutions are such that the classical energy,
find when we choose the flipped initial condition. In Fig. 11 defined as\(¢$?—v?)/4, is not a monotonically decreasing
we have plotted the asymptotic values of the mean field verfunction of time. Indeed, energy is continuously exchanged
sus the initial values, fox =0.1. All dimensionful quantities between the classical degrees of freedom and the quantum
are expressed in terms of the suitable power of the equilibuctuations bath, in both directions. However, the two rates
rium massm. For example, the vacuum expectation value ofof energy exchange are not exactly the same and an effective
the field is equal to/5 in these units. First of all, consider dissipation of classical energy on the average can be seen, at
the initial values for the condensate far enough from the togong time at least. Of course, this is not the case for the initial
of the potential hill, say betweer(t=0)=0.88 and(t transient part of the evolution starting from the initial condi-

=0)=2.64. In that region the crosses seem to follow ation #(t=0)=0.08; there, the condensate absorbs energy
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FIG. 15. Evolution of the con-
densate¢ (solid line) and of the
corresponding classical energy
(dashed ling for ¢(t=0)=0.08
and\=0.1 (cf. Figs. 12 and 1B
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(on averagefrom the quantum fluctuations, being able to go any perturbative threshold. If the field stays in this slow roll-
beyond the top of the potential hill, towards the negativeing down phase for a time long enough, it will not be able to
minimum. This happens because in the case of broken synabsorb the sufficient energy to pass to the other side ever
metry, the minimization of the fluctuation energy, within the again and it will be confined in the positive valley for ever.
microscopic Gaussian states, is not possible for initial condigvidently, when ¢(t=0)>0.01 this dissipative process
tions in the spinodal regiofefr. the discussion about the gap might not be so efficient to prevent the mean field from
equation(3.39 in Sec. Il B]. After a number of oscillations, sampling also the other valley.

the energy starts to flow from the condensate to the quantum Which one of the two valleys will be chosen by the con-
bath again(on the average constraining the condensate to densate is a matter of initial conditions and it is very depen-
oscillate around a value close to one of the two minima. Ifdent on the energy stored in the initial state, as is shown in
we look at Fig. 11 again, we can find positive asymptoticFig. 16, where two evolutions are compared, starting from
values as well as negative ones, without a definite pattern, ithe same value for the condensate, but with the two initial
the whole interval[0.01,0.§. If we start with 0< ¢(t=0) conditions, “flipped” and “massless,” for the quantum fluc-
<0.01 we have the slow rolling down, already described intuations.

Sec. IV and the mean field oscillates around a positive value
from the beginning, never reaching negative values. A fur-
ther note is worth being added here. During the phase of
slow rolling down, the evolution is very similar to a symmet-  |n this work we have extended the standard time-
ric evolution starting fromp(t=0)=0; in that case, the dis- dependent Hartree-Fock approximat[ds3] for the ¢* quan-
sipation mechanism works through the emissior{qpfasi)  tum field theory(QFT), to include some non-Gaussian fea-
massless particles and it is very efficient because it has naotires of the complete theory. We have presented a rather

VI. CONCLUSIONS AND PERSPECTIVES

FIG. 16. Evolution of the
mean value¢ for A=0.1, with
¢(t=0)=0.08, and two different
initial conditions for the quantum
spinodal modes, “flipped”(solid
line) and massles&lashed ling
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detailed study of the dynamical evolution out of equilibrium, verse modgthe only ones that survive in thd—co limit)
in finite volume(a cubic box of size. in 3D), as well as in  with respect to the longitudinal modes of thie=1 case in
infinite volume. For comparison, we have also analyzedhe HF approach.
some static characteristics of the theory both in unbroken and We have also described the nontrivial phenomenology of
broken symmetry phases. the infinite-volume late-time evolution in the Gaussian ap-
By means of a proper substitution of the bare couplingProximation, showing how the dynamical Maxwell construc-
constant with the renormalized coupling constéfntly jus-  tion differs from theN=< case. In fact, we have observed
tified by diagrammatic consideratiprwe have been able to the presence 01_‘ an _unstabl_e interval, contained in the static
obtain equations of motion completely independent of thelat region which is forbidden as an attractor of the
ultraviolet cutoff(apart from a slight dependence on inverse@Symptotic evolution. This region corresponds, more or less,
powers, that is, however, ineluctable because of the Landal? the spinodal region of the classical potential, with the

pole). We have described in detail the shape of the ground) vious exception of the origin. In parti_cular, we have found
state, showing how a broken symmetry scenario can be r‘:I,hat the energy flux between the classical degree of freedom

covered from the quantum-mechanical model, when the vol‘—'Jlnd the bath of quantum fluctuatio_ns is quite complex _qnd
ume diverges not monotonous. In other words, since we start from initial
Moreover 'We have shown that, within this slightly en- conditions where the fluctuation energy is not minimal, there

larged TDHF approach that allows for non-Gaussian Wav(fgre special situations where enough energy is transferred

functions, one might recover the usual Gaussian HF approxi!°M the bath to the condensate, pushing it beyond the top of

mation in a more controlled way. In fact, studying the Iatethe potential hill

time dynamics, we have confirmed the presence of a time Clearly further study, both analytical and numerical, is
scale r,, proportional to the linear size of the box, at needed in our TDHF approach to better understand the dy-

which the evolution ceases to be similar to the infinite vol-n""m'c""I evolution of quantum fluctuations in the broken

ume one. At the same time, the low-lying modes amplitudeSYMMEY phase coupled to the condensate. An interesting
have grown to ordet Thé same phenomenon has beendirection is the investigation of the case of finiein order
observed in th®©(N) model[8]. Looking at this result in the to interpolate smoothly the results fbi=1 to those of the .
framework of our extended TDHF approximation, one real—llN. approach. lt.ShOU|d bg hoted, in fact, that the theory with
izes that the growth of long-wavelength fluctuations to ordef® Single scalar field contains only the longitudinal mébg

L in fact undermines the self-consistency of the Gaussian H.glefinition), vyhi!e only the transverse modes'are relevant in
itself. In fact, in our TDHF approach the initial Gaussian the largeN limit. Hence a better understanding of the cou-

wave functions are allowed to evolve into non-GaussiarP/"9 Petween longitudinal and transverse modes is neces-

forms, but they simply do not do it in a macroscopic Way,sary. his directi h | int is whether th
within a further harmonic approximation for the evolution, - Iﬂ this |Lect|on, another re %va}nt Eomt s whether the
so that in the infinite-volume limit they are indistinguishable oldstone theorem Is respected in the HF approximation
from Gaussians at all times. But whéf? is on average not [20]: It.WOU|d be interesting also to stgdy the dynamical
of orderL®, but much less, as it happens for suitable initialreal'zat'of1 of _th_e Goldstone paradlgm, _namely the
conditions, infrared modes of orderwill be dominated by asymptotic Va”'Sh"_‘g O.f the effective mass in the broken
the quartic term in our Schdinger equations3.5), showing symmetry phases, in different models;_thls issue needs fur-
a possible internal inconsistency of the Gaussian approxim her study in the 2'.3 cas@],lwhere it is known that the
tion. oldstone theorem is not valid.

Another manifestation of the weakness of the HF scheme ACKNOWLEDGMENTS
is the curious “stopping at the spinodal line” of the width of
the Gaussian quantum fluctuations, when the initial configu- C. D. thanks D. Boyanovsky, H. de Vega, R. Holman, and
ration does not break the symmetry. This does not happen iM. Simionato for very interesting discussions. C. D. and E.
the largeN approach because of different coupling of trans-M. thank MURST and INFN for financial support.
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