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Improved time-dependent Hartree-Fock approach for scalarf4 QFT
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The lf4 model in a finite volume is studied within a non-Gaussian, time-dependent Hartree-Fock~TDHF!
approximation both at equilibrium and out of equilibrium, with particular attention to the structure of the
ground state and of certain dynamical features in the broken symmetry phase. The mean-field coupled time-
dependent Schro¨dinger equations for the modes of the scalar field are derived and the suitable procedure to
renormalize them is outlined. A further controlled Gaussian approximation of our TDHF approach is used in
order to study the dynamical evolution of the system from nonequilibrium initial conditions characterized by a
uniform condensate. We find that, during the slow rolling down, the long-wavelength quantum fluctuations do
not grow to a macroscopic size but do scale with the linear size of the system, in accordance with similar
results valid for the large-N approximation of theO(N) model. This behavior undermines in a precise way the
Gaussian approximation within our TDHF approach, which therefore appears as a viable means to correct an
unlikely feature of the standard HF factorization scheme, such as the so-called ‘‘stopping at the spinodal line’’
of the quantum fluctuations. We also study the dynamics of the system in infinite volume with particular
attention to the asymptotic evolution in the broken symmetry phase. We are able to show that the fixed points
of the evolution cover at most the classically metastable part of the static effective potential.

PACS number~s!: 11.10.Ef, 11.15.Pg, 11.30.Qc
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I. INTRODUCTION

A great effort has been devoted in the last few years
order to develop a deeper qualitative and quantitative un
standing of systems described by interacting quantum fi
out of equilibrium. There is a class of physical problems t
requires the consistent treatment of time-dependent m
fields in interaction with their own quantum or thermal flu
tuations. We may mention, among others, the problem
reheating of the universe after the inflationary era of ex
nential growth and cooling, and the time evolution of t
scalar order parameter through the chiral phase transi
soon to be probed in the forthcoming heavy-ion experime
at the CERN Super Proton Synchrotron~SPS!, BNL Relativ-
istic Heavy Ion Collider~RHIC!, and CERN Large Hadron
Collider ~LHC!. In these situations, a detailed description
the time-dependent dynamics is necessary to calculate
nonequilibrium properties of the system. Indeed, the de
opment of practical general techniques and the adven
faster and cheaper computers have made possible the di
ery of novel and unexpected phenomena, ranging from
sipative processes via particle production to novel aspec
symmetry breaking@1–4#.

From a technical point of view, it should be pointed o
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first of all, that a perturbative treatment of this dynamic
problem is meaningful only when the early time evolution
considered. The presence of parametric resonant band
spinodal instabilities~in the case, respectively, of unbroke
or spontaneously broken symmetries! rapidly turn the dy-
namics completely nonlinear and nonperturbative. Thus,
asymptotic evolution at late time can be consistently stud
only if approximate nonperturbative methods are applied
the problem@1#.

Quite recently one of these schemes, namely the largN
expansion at leading order@5,6#, has been used in order t
clarify some dynamical aspects of thef4 theory in three
spatial dimensions, reaching the conclusion that the non
turbative and nonlinear evolution of the system might ev
tually produce the onset of a form of nonequilibrium Bos
Einstein condensation~BEC! of the long-wavelength
Goldstone bosons usually present in the broken symm
phase@3,4,7#. Another very interesting result in@7# concerns
the dynamical Maxwell construction, which reproduces t
flat region of the effective potential in case of broken sy
metry as asymptotic fixed points of the background evo
tion.

In a companion work@8# we have addressed the questi
of whether a standard BEC could actually take place as t
goes on, by putting the system in a finite volume~a periodic
box of sizeL! and carefully studying the volume dependen
of out-of-equilibrium features in the broken symmetry pha
We summarize here the main result contained in@8#. The
numerical solution shows the presence of a time scaletL ,
proportional to the linear sizeL of the system, at which finite
volume effects start to manifest, with the remarkable con
©2000 The American Physical Society08-1
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C. DESTRI AND E. MANFREDINI PHYSICAL REVIEW D62 025008
quence that the zero-mode quantum fluctuations cannot g
macroscopically large if they start with microscopic initi
conditions. In fact, the size of low-lying widths at timetL is
of order L, to be compared to orderL3/2 for the case of
standard BEC. In other words we confirmed that the lin
growth of the zero mode width, as found also by the auth
of @3,4,7#, really signals the onset of a novel form of dynam
cal BEC, quite different from the standard one described
equilibrium finite-temperature field theory. This interpret
tion is reinforced by the characteristics of the lon
wavelength fluctuations’ spectrum.

Since, after all, the large-N approximation is equivalent to
a Gaussian ansatz for the time-dependent density matri
the system@2,9#, one might still envisage a scenario
which, while Gaussian fluctuations would stay microscop
non-Gaussian fluctuations would grow in time to a mac
scopic size, leading to an occupation number for the z
mode proportional to the volumeL3 of the system. There
fore, in order to go beyond the Gaussian approximation,
will consider in this work a time-dependent HF~TDHF! ap-
proach capable in principle of describing the dynamics
some non-Gaussian fluctuations of a single scalar field w
f4 interaction.

Before going into the details of the analysis, let us brie
summarize the main limitations and the most remarkable
sults of the study of a scalar field out of equilibrium with
the Gaussian HF scheme@1,10–12#. First of all, this scheme
has the advantage of going beyond perturbation theory
the sense that the~numerical! solution of the evolution equa
tions will contain arbitrary powers of the coupling consta
corresponding to a nontrivial resummation of the pertur
tive series. For this reason, the method is able to take
account the quantum back reaction on the fluctuations th
selves, which shuts off their early exponential growth. T
is achieved by the standard HF factorization of the qua
interaction, yielding atime-dependentself-consistently deter
mined mass term, which stabilizes the modes perturbativ
unstable. The detailed numerical solution of the resulting
namical equations clearly shows the dissipation associ
with particle production, as a result of either parametric a
plification in case of unbroken symmetry or spinodal ins
bilities in case of broken symmetry, as well as the shut
mechanism outlined above.

However, the standard HF method is really not contr
lable in the case of a single scalar field, while it becom
exact only in theN→` limit. Moreover, previous ap-
proaches to the dynamics in this approximation scheme
the unlikely feature of maintaining a weak~logarithmic! cut-
off dependence on the renormalized equations of motion
the order parameter and the mode functions@1#.

In this paper, we consider the case of a single scalar fi
~i.e., N51!. With the aim of studying the dynamics of th
model with the inclusion of some non-Gaussian contrib
tions, we introduce an improved time-dependent Hartr
Fock approach. Even if it is still based on a factorized tr
wave function~al!, it has the merit to keep the quartic inte
action diagonal in momentum space, explicitly in the Ham
tonians governing the evolution of each mode of the field
this framework, issues like the static spontaneous symm
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breaking can be better understood, and the further Gaus
approximation needed to study the dynamics can be be
controlled. In particular, questions like out-of-equilibriu
‘‘quantum phase ordering’’ and ‘‘dynamical Bose-Einste
condensation’’ can be properly posed and answered with
verifiable approximation.

We also perform a detailed study of the asymptotic d
namics in infinite volume, with the aim of clarifying th
issue of Maxwell construction in this approximation schem
In fact, in the O(N) F4 model at leading order, the
asymptotic dynamical evolution of the mean field complet
covers the spinodal region of the classical potential, wh
coincides with the flatness region of the effective potent
This is what is calleddynamical Maxwell construction@7#.
When we use the HF approximation for the case ofN51, we
find that the spinodal region and the flatness region are
ferent and the question arises of whether a full or par
dynamical Maxwell construction still takes place.

In Sec. II we set up the model in finite volume, definin
all the relevant notations and the quantum representation
will be using to study the evolution of the system.

We introduce in Sec. III our improved time-depende
Hartree-Fock~TDHF! approximation, which generalizes th
standard Gaussian self-consistent approach@13# to non-
Gaussian wave functionals; we then derive the mean-fi
coupled time-dependent Schro¨dinger equations for the
modes of the scalar field, under the assumption of a unifo
condensate, see Eqs.~3.5!, ~3.6!, and~3.7!. A significant dif-
ference with respect to previous TDHF approaches@1# con-
cerns the renormalization of ultraviolet divergences. In fa
by means of a single substitution of the bare coupling c
stant lb with the renormalized onel in the Hartree-Fock
Hamiltonian, we obtain cutoff independent equations~apart
from corrections in inverse powers, which are there due
the Landau pole!. The substitution is introduced by hand, b
is justified by simple diagrammatic considerations.

One advantage of not restrictinga priori the self-
consistent HF approximation to Gaussian wave function
is in the possibility of a better description of the vacuu
structure in case of broken symmetry. In fact we can sh
quite explicitly that, in any finite volume, in the ground sta
the zero mode of thef field is concentrated around the tw
vacua of the broken symmetry, driving the probability dist
bution for any sufficiently wide smearing of the field into
two-peak shape. This is indeed what one would intuitive
expect in case of symmetry breaking. On the other ha
none of this appears in a dynamical evolution that starts fr
a distribution localized around a single value of the field
the spinodal region, confirming what already seen in
large-N approach@8#. More precisely, within a further con
trolled Gaussian approximation of our TDHF approach, o
observes that initially microscopic quantum fluctuatio
never becomes macroscopic, suggesting that also n
Gaussian fluctuations cannot reach macroscopic sizes.
simple confirmation of this fact, consider the complete
symmetric initial conditions^f&5^ḟ&50 for the back-
ground: in this case we find that the dynamical equations
the initially Gaussian field fluctuations are identical to tho
of largeN ~apart for a rescaling of the coupling constant by
8-2
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IMPROVED TIME-DEPENDENT HARTREE-FOCK . . . PHYSICAL REVIEW D62 025008
factor of 3; cf. Ref. @8#!, so that we observe the sam
asymptotic vanishing of the effective mass. However, t
time no interpretation in terms of Goldstone theorem is p
sible, since the broken symmetry is discrete; rather, if
width of the zero mode were allowed to evolve into a ma
roscopic size, then the effective mass would tend to a p
tive value, since the mass in the case of discrete symm
breaking is indeed larger than zero.

Anyway, also in the Gaussian HF approach, we do fin
whole class of cases which exhibit the time scaletL . At that
time, finite volume effects start to manifest and the size
the low-lying widths is of orderL. We then discuss why this
undermines the self-consistency of the Gaussian approx
tion, imposing the need of further study, both analytical a
numerical.

In Sec. IV we study the asymptotic evolution in the br
ken symmetry phase, in infinite volume, when the expec
tion value starts within the region between the two minim
of the potential. We are able to show by precise numer
simulations, that the fixed points of the background evolut
do not cover the static flat region completely. On the co
trary, the spinodal region seems to be absolutely forbid
for the late time values of the mean field. Thus, as far as
asymptotic evolution is concerned, our numerical results l
to the following conclusions. We can distinguish the poin
lying between the two minima in a fashion reminiscent of t
static classification: first, the values satisfying the prope
v/),uf̄`u<v are metastable points, in the sense that th
are fixed points of the background evolution, no mat
which initial condition is comprised in the interva
(2v,v), we choose for the expectation valuef̄; second, the
points included in the interval 0,uf̄`u,v/) are unstable
points, because if the mean field starts from one of th
after an early slow rolling down, it starts to oscillate wi
decreasing amplitude around a point inside the class
metastable interval. Obviously,f̄5v is the point of stable
equilibrium, andf̄50 is a point of unstable equilibrium
Actually, it should be noted that our data do not allow
precise determination of the border between the dynam
unstable and metastable regions; thus, the number we
here should be looked at as an educated guess inspired b
analogous static classification and based on considera
about the solutions of the gap equation@see Eq.~3.36!#

Finally, in Sec. VI we give a brief summary of the resu
presented in this paper and we outline some interesting o
questions that need more work before being answered p
erly.

II. CUTOFF FIELD THEORY

Let us consider the scalar field operatorf and its canoni-
cally conjugated momentump in a D-dimensional periodic
box of sizeL and write their Fourier expansion as customa

f~x!5L2D/2(
k

fke
ik•x, fk

†5f2k ,

p~x!5L2D/2(
k

pke
ik•x, pk

†5p2k

with the wave vectorsk naturally quantized:k5(2p/L)n,
nPZD.
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The canonical commutation rules are@fk ,p2k8#

5 idkk8
(D) , as usual. The introduction of a finite volume shou

be regarded as a regularization of the infrared propertie
the model, which allows one to ‘‘count’’ the different fiel
modes and is needed especially in the case of broken s
metry.

To keep control also on the ultraviolet behavior and
manage the renormalization procedure properly, we res
the sums over wave vectors to the points lying within t
D-dimensional sphere of radiusL, that is k2<L2, with N
5LL/2p some large integer. Until both the cutoffs rema
finite, we have reduced the original field-theoretical proble
to a quantum-mechanical framework with finitely many~of
orderND! degrees of freedom.

The f4 Hamiltonian is

H5
1

2 E dDxFp21~]f!21mb
2f21

lb

2
f4G

5
1

2 (
k

@pkp2k1~k21mb
2!fkf2k#

1
lb

4LD (
k1 ,k2 ,k3,k4

fk1
fk2

fk3
fk4

dk11k21k31k4,0
~D ! ,

wheremb
2 andlb are the bare parameters and depend on

UV cutoff L in such a way to guarantee a finite limitL
→` for all observable quantities. It should be noted he
that, the theory being trivial@14# ~as is manifest in the re
summed one-loop approximation due to the Landau pole! the
ultraviolet cutoff should be kept finite and much smaller th
the renormalon singularity. In this case, we must regard
f4 model as an effective low-energy theory~here low energy
means practically all energies below Planck’s scale, due
the large value of the Landau pole for renormalized coupl
constants of order one or less!.

We shall work in the wave-function representation whe
^wuC&5C(w) and

~f0C!~w!5w0C~w!, ~p0C!~w!52 i
]

]w0
C~w!,

while for k.0 ~in lexicographic sense!

~f6kC!~w!5
1

&
~wk6 iw2k!C~w!,

~p6kC!~w!5
1

&
S 2 i

]

]wk
6

]

]w2k
DC~w!.

Notice that by construction the variableswk are all real.
In practice, the problem of studying the dynamics of t

f4 field out of equilibrium consists now in trying to solv
the time-dependent Schro¨dinger equation given an initia
wave functionC(w,t50) that describes a state of the fie
far away from the vacuum. This approach could be very w
generalized in a straightforward way to mixtures describ
by density matrices, as done, for instance, in@10,15,16#.
8-3
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C. DESTRI AND E. MANFREDINI PHYSICAL REVIEW D62 025008
Here we shall restrict to pure states, for the sake of simp
ity, and because all relevant aspects of the problem are
ready present in this case.

We shall consider here the time-dependent Hartree-F
~TDHF! approach~an improved version with respect to wh
is presented, for instance, in@13#!, the large-N expansion
being to leading order treated in another work@8#. In fact
these two methods are very closely related~see, for instance
in @17#!. However, before passing to any approximation,
would like to stress that the following rigorous result can
immediately established in this model with both UV and
cutoffs.

A rigorous result: the effective potential is convex

This is a well known fact in statistical mechanics, bei
directly related to stability requirements. It would, therefo
hold also for the field theory in the Euclidean function
formulation. In our quantum-mechanical context we m
proceed as follow. Suppose the fieldf is coupled to a uni-
form external sourceJ. Then the ground-state energyE0(J)
is a concave function ofJ, as can be inferred from the neg
tivity of the second-order term inDJ of perturbation around
any chosen value ofJ. Moreover,E0(J) is analytic in a finite
neighborhood ofJ50, sinceJf is a perturbation ‘‘small’’
compared to the quadratic and quartic terms of the Ham
tonian. As a consequence, this effective potentialVeff(f̄)
5E0(J)2Jf̄, f̄5E08(J)5^f&0 , that is the Legendre trans
form of E0(J), is a convex analytic function in a finite
neighborhood off̄50. In the infrared limitL→`, E0(J)
might develop a singularity inJ50 andVeff(f̄) might flatten
aroundf̄50. Of course this possibility would apply in th
case of spontaneous symmetry breaking, that is for a dou
well classical potential. This is a subtle and important po
that will play a crucial role later on, even if the effectiv
potential is relevant for the static properties of the mo
rather than the dynamical evolution out of equilibrium th
interests us here. In fact such an evolution is governed by
closed time path effective action@18,19# and one might ex-
pect that, although nonlocal in time, it asymptotically r
duces to a multiple of the effective potential for trajector
of f̄(t) with a fixed point at infinite time. In such a cas
there should exist a one-to-one correspondence betw
fixed points and minima of the effective potential.

III. TIME-DEPENDENT HARTREE-FOCK
APPROXIMATION

In order to follow the time evolution of the non-Gaussi
quantum fluctuations we consider in this section a tim
dependent HF approximation capable, in principle, of
scribing the dynamics of non-Gaussian fluctuations o
single scalar field withf4 interaction.

We examine in this work only states in which the sca
field has a uniform, albeit possibly time-dependent expe
tion value. In a TDHF approach we may then start from
wave function of the factorized form~which would be exact
for free fields!:
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C~w!5c0~w0!)
k.0

ck~wk ,w2k!. ~3.1!

The dependence ofck on its two arguments cannot be a
sumed to factorize in general since space translations a
SO~2! rotations onwk andw2k ~hence in case of translatio
invarianceck depends only onwk

21w2k
2 !. The approxima-

tion consists in assuming this form as valid at all times a
imposing the stationarity condition on the action

dE dt^ i ] t2H&50, ^ &[^C~ t !u•uC~ t !& ~3.2!

with respect to variations of the functionsck . To enforce a
uniform expectation value off we should add a Lagrang
multiplier term linear in the single modes expectations^wk&
for kÞ0. The multiplier is then fixed at the end to obta
^wk&50 for all kÞ0. Actually one may verify that this is
equivalent to the simpler approach in which^wk& is set to
vanish for allkÞ0 before any variation. Then the only non
trivial expectation value in the Hamiltonian, namely that
the quartic term, assumes the form

E dDx^f~x!4&5
1

LD @^w0
4&23^w0

2&2#

1
3

2LD (
k.0

@^~wk
21w2k

2 !2&

22~^wk
2&1^w2k

2 &!2#1
3

LD S (
k

^wk
2& D 2

.

~3.3!

Notice that the terms in the first row would cancel com
pletely out for Gaussian wave functionsck with zero mean
value. The last term, where the sum extends to all w
vectorsk, corresponds instead to the standard mean-field
placement̂ f4&→3^f2&2. The total energy of our trial state
now reads

E5^H&5
1

2 (
k

K ]2

]wk
2 1~k21mb

2!wk
2L 1

lb

4 E dDx^f~x!4&,

~3.4!

and from the variational principle~3.2! we obtain a set of
simple Schro¨dinger equations

i ] tck5Hkck , ~3.5!

H052
1

2

]2

]w0
2 1

1

2
v0

2w0
21

lb

4LD w0
4,

Hk52
1

2 S ]2

]wk
2 1

]2

]w2k
2 D 1

1

2
vk

2~wk
21w2k

2 !

1
3lb

8LD ~wk
21w2k

2 !2, ~3.6!

which are coupled in a mean-field way only through
8-4
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vk
25k21mb

213lbSk , Sk5
1

LD (
q2<L2

qÞk,2k

^wq
2&, ~3.7!

and define the HF time evolution for the theory. By constru
tion this evolution conserves the total energyE of Eq. ~3.4!.

It should be stressed that in this particular TDHF appro
mation, beside the mean-field back-reaction termSk of all
other modes onvk

2, we keep also the contribution of th
diagonal scattering through the diagonal quartic terms
fact this is why Sk has no contribution from thek-mode
itself: in a Gaussian approximation for the trial wave fun
tionsck the HamiltoniansHk would turn out to be harmonic
the quartic terms being absent in favor of a complete b
reaction,

S5Sk1
^wk

2&1^w2k
2 &

LD 5
1

LD (
k

^wk
2&. ~3.8!

Of course the quartic self-interaction of the modes as wel
the difference betweenS andSk are suppressed by a volum
effect and could be neglected in the infrared limit, provid
all wave functionsck stays concentrated on mode amp
tudeswk of order smaller thanLD/2. This is the typical situ-
ation when all modes remain microscopic and the volume
the denominators is compensated only through the sum
tion over a number of modes proportional to the volum
itself, so that in the limitL→` sums are replaced by inte
grals

Sk→S→E
k2<L2

dDk

~2p!D ^wk
2&.

Indeed, we apply this picture to all modes withkÞ0, while
we do expect exceptions for the zero-mode wave func
c0 .

The treatment of ultraviolet divergences requires parti
lar care, since the HF approximation typically messes thi
up ~see, for instance,@20#!. Following the same process o
the large-N approximation @1,8,6#, we could take as the
renormalization condition the requirement that the frequ
ciesvk

2 are independent ofL, assuming thatmb
2 andlb are

functions ofL itself and of renormalizedL-independent pa-
rametersm2 andl such that

vk
25k21m213l@Sk#finite , ~3.9!

where by@ #finite we mean the~scheme-dependent! finite part
of some possibly ultraviolet divergent quantity. Unfort
nately this would not be enough to make the spectrum
energy differences cutoff independent, because of the
coupling constantlb in front of the quartic terms inHk and
the difference betweenS and Sk ~such a problem does no
exist in largeN because that is a purely Gaussian appro
mation!. Again this would not be a problem whenever the
terms become negligible asL→`. At any rate, to be ready
to handle the cases when this is not actually true and
define an ultraviolet-finite model also at finite volume, w
shall by hand modify Eq.~3.3! as follows:
02500
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lbE dDx^f~x!4&5lL2DH ^w0
4&23^w0

2&2

1
3

2 (
k.0

@^~wk
21w2k

2 !2&

22~^wk
2&1^w2k

2 &!2#J 13lbLDS2,

~3.10!

We keep the bare coupling constant in front of the te
containingS2 because that part of the Hamiltonian is pro
erly renormalized by means of the usualcactusresummation
@21# which corresponds to the standard HF approximati
On the other hand, within the same approximation, it is
possible to renormalize the part in curly brackets of the eq
tion above, because of the factorized form~3.1! that we have
assumed for the wave function of the system. In fact,
four-leg vertices in the curly brackets are diagonal in m
mentum space; at higher order in the loop expansion, w
we contract two or more vertices of this type, no sum ov
internal loop momenta is produced, so that all higher-or
perturbation terms are suppressed by volume effects. H
ever, we know that in the complete theory, the wave funct
is not factorized and loops contain all values of momentu
This suggests that, in order to get a finite Hamiltonian,
need to introduce in the definition of our model some ex
resummation of Feynmann diagrams, that is not autom
cally contained in this self-consistent HF approach. The o
choice consistent with the cactus resummation performe
the two-point function by the HF scheme is the resummat
of the one-loopfish diagram in the four-point function. This
amounts to the change fromlb to l and it is enough to
guarantee the ultraviolet finiteness of the Hamiltoni
through the redefinition

H0→H01
l2lb

4LD w0
4, Hk→Hk1

3~l2lb!

8LD ~wk
21w2k

2 !2.

~3.11!

At the same time the frequencies are now related to
widths ^w2k

2 & by

vk
25k21M223lL2D~^wk

2&1^w2k
2 &!, k.0,

M2[v0
213lL2D^w0

2&5mb
213lbS. ~3.12!

Apart for O(L2D) corrections,M plays the role of the time-
dependent mass for modes withkÞ0, in the harmonic ap-
proximation.

In this new setup the conserved energy reads

E5 (
k>0

^Hk&2
3

4
lbLDS21

3

4
lL2D

3F ^w0
2&21 (

k.0
~^wk

2&1^w2k
2 &!2G . ~3.13!

Since the gaplike equations~3.12! are state dependent, w
have to perform the renormalization first for some referen
8-5
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quantum state, that is for some specific collection of wa
functionsck ; as soon asmb

2 andlb are determined as func
tions ofL, ultraviolet finiteness will hold for the entire clas
of states with the same ultraviolet properties of the refere
state. Then an obvious consistency check for our HF
proximation is that this class is closed under time evoluti

Rather than a single state, we choose as reference
family of Gaussian states parametrized by the uniform
pectation valuêf(x)&5L2D/2^w0&5f̄ ~recall that we have
^wk&50 when kÞ0 by assumption! and such that the HF
energyE is as small as possible for fixedf̄. Then, apart from
a translation byLD/2f̄ on w0 , these Gaussianck are ground-
state eigenfunctions of the harmonic Hamiltonians obtai
from Hk by dropping the quartic terms. Because of thek2 in
the frequencies we expect these Gaussian states to dom
in the ultraviolet limit also at finite volume~as discussed
above they should dominate in the infinite-volume limit f
any kÞ0!. Moreover, since now

^w0
2&5LDf̄21

1

2v0
, ^w6k

2 &5
1

2vk
, kÞ0, ~3.14!

the relation~3.12! between frequencies and widths turn in
the single gap equation

M25mb
213lbS f̄21

1

2LD (
q2<L2

1

Ak21M2D ~3.15!

fixing the self-consistent value ofM as a function off̄. It
should be stressed that Eq.~3.12! turns through Eq.~3.14!
into the gap equation only because of the requiremen
energy minimization. Genericck , regarded as initial condi
tions for the Schro¨dinger equations~3.5!, are in principle not
subject to any gap equation.

The treatment now follows closely that in the large-N ap-
proximation@8#, the only difference being in the value of th
coupling, that now is three times larger. In fact, in the case
O(N) symmetry, the quantum fluctuations over a giv
background̂ f(x)&5f̄ decompose for eachk into one lon-
gitudinal mode, parallel tof̄, and N21 transverse mode
orthogonal to it; by boson combinatorics the longitudin
mode couples tof̄ with strength 3lb /N and decouples in
the N→` limit, while the transverse modes couples tof̄
with strength (N21)lb /N→lb ; when N51 only the lon-
gitudinal mode is there.

As L→`, vk
2→k21M2 and M is exactly the physica

mass gap. Hence it must beL independent. At finiteL we
cannot use this request to determinemb

2 andlb , since, unlike
M, they cannot depend on the sizeL. At infinite volume we
obtain

M25mb
213lb@f̄21I D~M2,L!#,

I D~z,L![E
k2<L2

dDk

~2p!D

1

2Ak21z
. ~3.16!

When f̄50 this equation fixes the bare mass to be
02500
e

e
p-
.

the
-

d

ate

of

f

l

mb
25m223lbI D~m2,L!, ~3.17!

wherem5M (f̄50) may be identified with the equilibrium
physical mass of the scalar particles of the infinite-volu
Fock space without symmetry breaking~see below!. Now,
the coupling constant renormalization follows from th
equalities

M25m213lb@f̄21I D~M2,L!2I D~m2,L!#

5m213lf̄213l@ I D~M2,L!2I D~m2,L!#finite

~3.18!

and reads whenD53

l

lb
512

3l

8p2 log
2L

mAe
, ~3.19!

which is the standard result of the one-loop renormalizat
group@22#. WhenD51, that is a (111)-dimensional quan-
tum field theory,I D(M2,L)2I D(m2,L) is already finite and
the dimensionful coupling constant is not renormalized,lb
5l.

The Landau pole inlb prevents the actual UV limitL
→`. Nonetheless, neglecting all inverse powers of the U
cutoff whenD53, it is possible to rewrite the gap equatio
~3.18! as

M2

l̂~M !
5

m2

l̂~m!
13f̄2 ~3.20!

in terms of the one-loop running coupling constant

l̂~m!5lF12
3l

8p2 log
m

mG21

.

It is quite clear that the HF states for which the renormali
tion just defined is sufficient are all those that are Gauss
dominated in the ultraviolet, so that we have@cf. Eq. ~3.14!#

^w6k
2 &;

1

2vk
, k2;L2, L→`. ~3.21!

If this property holds at a certain time, then it should hold
all times, since the Schro¨dinger equations~3.5! are indeed
dominated by the quadratic term for largevk and vk

2;k2

1const1O(k21) as evident from Eq.~3.9!. Thus this class of
states is indeed closed under time evolution and the par
etrizations~3.17! and~3.19! make our TDHF approximation
ultraviolet finite. Notice that the requirement~3.21! effec-
tively always imposes a gap equation similar to Eq.~3.15! in
the deep ultraviolet.

Another simple check of the self-consistency of our a
proach, including the change in selected places fromlb to l,
as discussed above, follows from the energy calculation
the Gaussian states with^f(x)&5f̄ introduced above. Using
Eq. ~3.4! and the standard replacement of sums by integ
in the infinite volume limit, we find
8-6
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E~f̄ !5 lim
L→`

E

LD 5
1

2
f̄2~M22lf̄2!

1
1

2 Ek2<L2

dDk

~2p!D Ak21M2

2
3

4
lb@f̄21I D~M2,L!#2,

where M5M (f̄) depends onf̄ through the gap equatio
~3.18!. The explicit calculation of the integrals involve
shows that the energy density differenceE(f̄)2E(0) @which
for unbroken symmetry is nothing but the effective poten
Veff(f̄)#, is indeed finite in the limitL→`, as required by a
correct renormalization scheme. Notice that the finitenes
the energy density difference can be shown also by a sim
and more elegant argument, as presented below in Sec.
This check would fail instead whenD53 if only the bare
coupling constantlb would appear in the last formula.

The TDHF approximation derived above represents
huge simplification with respect to the original problem, b
its exact solution still poses itself as a considerable ch
lenge. As a matter of fact, a numerical approach is perfe
possible within the capabilities of modern computers, p
vided the number of equations~3.5! is kept in the range of
few thousands. As will become clear later on, even this
merical workout will turn out not to be really necessary
the form just alluded to, at least for the purposes of t
paper.

A. On symmetry breaking

Quite obviously, in a finite volume and with a UV cuto
there cannot be any symmetry breaking, since the gro
state is necessarily unique and symmetric when the num
of degrees of freedom is finite@23#. However, we may hand
ily envisage the situation which would imply symmet
breaking when the volume diverges.

Let us first consider the case that we would call of unb
ken symmetry. In this case the HF ground state is very cl
to the member withf̄50 of the family of Gaussian state
introduced before. The difference is entirely due to the qu
tic terms inHk . This correction vanishes whenL→`, since
all wave functionsck haveL-independent widths, so that on
directly obtains the symmetric vacuum state with all the rig
properties of the vacuum~translation invariance, uniquenes
etc.! upon which a standard scalar massive particle F
space can be based. The HF approximation then turns o
be equivalent to the resummation of all ‘‘cactus diagram
for the particle self-energy@21#. In a finite volume, the cru-
cial property of this symmetric vacuum is that all frequenc
vk

2 are strictly positive. The generalization to nonequilibriu
initial states withf̄Þ0 is rather trivial: it amounts to a shif
by LD/2f̄ on c0(w0). In the limit L→` we should express
c0 as a function ofj5L2D/2w0 so that, uc0(j)u2→d(j
2f̄), while all other wave functionsck will reconstruct the
Gaussian wave functional corresponding to the vacu
u0, M& of a free massive scalar theory whose massM
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5M(f) solves the gap equation~3.18!. The absence ofc0 in
u0, M& is irrelevant in the infinite volume limit, sincêw0

2&
5LDf̄21terms of orderL0. The effective potentialVeff(f̄)
5E(f̄)2E(0), whereE(f̄) is the lowest energy density a
fixed f̄ and infinite volume, is manifestly a convex functio
with a unique minimum inf̄50.

Now let us consider a different situation in which one
more of thevk

2 are negative. Quite evidently, this might ha
pen only fork small enough, due to thek2 in the gap equa-
tion @thus Eq.~3.21! remains valid and the ultraviolet reno
malization is the same as for unbroken symmetry#. Actually,
we assume here that onlyv0

2,0, postponing the genera
analysis. Now the quartic term inH0 cannot be neglected a
L→`, since in the ground statec0 is symmetrically concen-
trated around the two minima of the potential 1/2v0

2w0
2

1(l/4LD)/w0
4, that isw056(2v0

2LD/l)1/2. If we scalew0

asw05LD/2j thenH0 becomes

H052
1

2LD

]2

]j2 1
LD

2 S v0
2j21

l

2
j4D , ~3.22!

so that the largerL grows the narrowerc0(j) becomes
around the two minimaj56(2v0

2/l)1/2. In particular,
^j2&→2v0

2/l when L→` and ^w0
2&.LD^j2&. Moreover,

the energy gap between the ground state ofH0 and its first,
odd excited state as well as the difference between the r
tive probability distributions forj vanish exponentially fas
in the volumeLD.

Since by hypothesis allvk
2 with kÞ0 are strictly positive,

the ground stateck with kÞ0 are asymptotically Gaussia
whenL→` and the relations~3.12! tend to the form

vk
25k21M2[k21m2,

M2522v0
25mb

213lb~L2D^w0
2&1S0!

5mb
213lbv0

213lbI D~m2,L!].

This implies the identificationv0
252m2/2 and the bare mas

parametrization

mb
25S 12

3

2
lb /L Dm223lbI D~m2,L!, ~3.23!

characteristic of a negativev0
2 @compare to Eq.~3.17!#, with

m being the physical equilibrium mass of the scalar partic
as in the unbroken symmetry case. The coupling cons
renormalization is the same as in Eq.~3.19! as may be veri-
fied by generalizing to the minimum energy states with giv
field expectation valuef̄; this minimum energy is nothing
but the HF effective potentialVeff

HF(f̄), that is the effective
potential in this non-Gaussian HF approximation; of cour
since c0 is no longer asymptotically Gaussian, we cann
simply shift it by LD/2f̄ but, due to the concentration ofc0

on classical minima asL→`, one readily finds thatVeff(f̄)
is the convex envelope of the classical potential, that is
Maxwell construction. Hence we find
8-7
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^w0
2& ;

L→`
H 2LDv0

2/l, lf̄2<2v0
2,

LDf̄2, lf̄2.2v0
2 ,

and the gap equation for thef̄-dependent massM can be
written, in terms of the step functionQ and the extrema
ground-state field expectation valuev5m/A2l,

M25m213lb~f̄22v2!Q~f̄22v2!

13lb@ I D~M2,L!2I D~m2,L!#. ~3.24!
d
h

-

-
n

e
tiv
ac

02500
We see that the specific bare mass parametrization~3.23!
guarantees the nonrenormalization of the tree-level rela
v25m2/2l ensuing from the typical symmetry breakin
classical potentialV(f)51/4l(f22v2)2. With the same fi-
nite part prescription as in Eq.~3.18!, the gap equation~3.24!
leads to the standard coupling constant renormaliza
~3.19! whenD53.

In terms of the probability distributionsuc0(j)u2 for the
scaled amplitudej5L2D/2w0 , the Maxwell construction
corresponds to the limiting form
uc0~j!u2 ;
L→`

H 1

2
~11f̄/v !d~j2v !1

1

2
~12f̄/v !d~j1v !, f̄2<v2,

d~j2f̄ !, f̄.v2

. ~3.25!
bi-
true
ince
er-

ors
ring
ing
al,
i-
HF

nt
or

t

ons
on
On the other hand, ifv0
2 is indeed the only negative square

frequency, thekÞ0 part of this minimum energy state wit
arbitrary f̄5^f(x)& is better and better approximated asL
→` by the same Gaussian stateu0,M & of the unbroken sym-
metry state. Only the effective massM has a different depen
denceM (f̄), as given by the gap equation~3.24!, proper by
of broken symmetry.

At infinite volume we may write

^wk
2&5C~f̄ !d~D !~k!1

1

2Ak21M2
,

whereC(f̄)5f̄2 in case of unbroken symmetry~that isv0
2

.0!, while C(f̄)5max(v2,f̄2) when v0
2,0. This corre-

sponds to the field correlation in space

^f~x!f~y!&5E dDk

~2p!D ^wk
2&eik•~x2y!

5C~f̄ !1DD~x2y,M !,

whereDD(x2y,M ) is the massive free field equal-time two
point function in D space dimensions, with self-consiste
massM. The requirement of clustering

^f~x!f~y!&→^f~x!&25v2

contradicts the infinite volume limit of

^f~x!&5L2D/2(
k

^fk&e
ik•x5^w0&5f̄

except at the two extremal pointsf̄56v. In fact, we know
that theL→` limit of the finite volume states withf̄2,v2

violate clustering, because the two peaks ofc0(j) have van-
ishing overlap in the limit and the first excited state becom
degenerate with the vacuum: this implies that the rela
Hilbert space splits into two orthogonal Fock sectors e
t

s,
e
h

exhibiting symmetry breaking,̂ f(x)&56v, and corre-
sponding to the two independent equal weight linear com
nations of the two degenerate vacuum states. The
vacuum is either one of these symmetry broken states. S
the two Fock sectors are not only orthogonal, but also sup
selected~no local observable interpolates between them!, lin-
ear combinations of any pair of vectors from the two sect
are not distinguishable from mixtures of states and cluste
cannot hold in nonpure phases. It is perhaps worth notic
also that the Maxwell construction for the effective potenti
in the infinite volume limit, is just a straightforward man
festation of this fact and holds true, as such, beyond the
approximation.

To further clarify this point and in view of subseque
applications, let us consider the probability distribution f
the smeared fieldf f5*dDxf(x) f (x), where

f ~x!5 f ~2x!5
1

LD (
k

f ke
ik•x ;

L→`
E dDk

~2p!D f̃ ~k!eik•x

is a smooth real function with*dDx f(x)51 ~i.e., f 051!
localized around the origin~which is good as any other poin
owing to translation invariance!. Neglecting in the infinite
volume limit the quartic corrections for all modes withk
Þ0, so that the corresponding ground-state wave functi
are asymptotically Gaussian, this probability distributi
evaluates to

Pr~u,f f,u1du!

5
du

~2p( f !
1/2E

2`

1`

djuc0~j!u2expH 2~u2j!2

2( f
J ,

where

( f5 (
kÞ0

^wk
2& f k

2 ;
L→`

E dDk

~2p!D

f̃ ~k!2

2Ak21m2
.

8-8
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In the unbroken symmetry case we haveuc0(j)u2;d(j2f̄) as L→`, while the limiting form ~3.25! holds for broken
symmetry. Thus we obtain

Pr~u,f f,u1du!5pf~u2f̄ !du,

pf~u![~2p( f !
21/2expS 2u2

2( f
D

for unbroken symmetry and

Pr~u,f f,u1du!5H 1

2
~11f̄/v !pf~u2v !du1

1

2
~12f̄/v !pf~u1v !du, f̄2<v2,

pf~u2f̄ !du, f̄.v2
io
f;
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for broken symmetry. Notice that the momentum integrat
in the expression forS f needs no longer an ultraviolet cutof
of course in the limit ofd-like test functionf (x),S f diverges
and pf(u) flattens down to zero. The important observati
is that Pr(u,f f,u1du) has always a single peak center
in u5f̄ for unbroken symmetry, while for broken symmet
it shows two peaks forf̄2<v2 and S f small enough. For
instance, iff̄50, then there are two peaks forS f,v2 @im-
plying that f̃ (k) has a significant support only up to wav
vector k of order v, when D53, or m exp(constv2) when
D51#.

To end the discussion on symmetry breaking, we m
now verify the validity of the assumption that onlyv0

2 is
negative. In fact, to any squared frequencyvk

2 ~with kÞ0!
that stays strictly negative asL→`, there corresponds
wave function ck that concentrates onwk

21w2k
2 5

2vk
2LD/l; then Eqs.~3.12! imply 22vk

25k21m2 for such
frequencies, whilevk

25k21m2 for all frequencies with posi-
tive squares; if there is a macroscopic number of negativevk

2

~that is a number of orderLD!, then the expression forv0
2 in

Eq. ~3.12! will contain a positive term of orderLD in the
right-hand side~rhs!, clearly incompatible with the require
ments thatv0

2,0 andmb
2 be independent ofL; if the number

of negativevk
2 is not macroscopic, then the largest wa

vector with a negative squared frequency tends to zero
L→` ~the negativevk

2 clearly pile in the infrared! and the
situation is equivalent, if not identical, to that discuss
above with onlyv0

2,0.

B. Out-of-equilibrium dynamics

We considered above the lowest energy states with a
definite uniform field expectation value,^f(x)&5f̄, and es-
tablished how they drastically simplify in the infinite volum
limit. For genericf̄ these states are not stationary and w
evolve in time. By hypothesisck is the ground-state eigen
function of Hk when k.0, and thereforeucku2 would be
stationary for constantvk , but c0 is not an eigenfunction o
H0 unless f̄50. As soon asucku2 starts changing,̂ w0

2&
changes and so do all frequenciesvk which are coupled to it
02500
n

y

as

e-

l

by Eqs.~3.12!. Thus the change propagates to all wave fun
tions. The difficult task of studying this dynamics can
simplified with the following scheme, that we might call th
Gaussian approximation. We first describe it and discuss it
validity later on.

Let us assume the usual Gaussian form for the initial s
@see Eq.~3.14! and the discussion following it#. We know
that it is a good approximation to the lowest energy st
with given ^w0& for unbroken symmetry, while it fails to be
so for broken symmetry, only as far asc0 is concerned,
unlessf̄2>v2. At any rate this is an acceptable initial stat
the question is about its time evolution. Suppose we ad
the harmonic approximation for allHk with k.0 by drop-
ping the quartic term. This approximation will turn out to b
valid only if the width ofck do not grow up to the orderLD

~by symmetry the center will stay in the origin!. In practice
we are now dealing with a collection of harmonic oscillato
with time-dependent frequencies and the treatment is q
elementary: consider the simplest example of one quan
degree of freedom described by the Gaussian wave func

c~q,t !5
e2 ia

~2ps2!1/2expF2
1

2 S 1

2s22 i
s

s Dq2G ,
wheres, s, and the overall phasea are time dependent. If the
dynamics is determined by the time-dependent harmo
Hamiltonian 1

2@2]q
21v(t)2q2#, then the Schro¨dinger equation

is solved exactly provided thats and s satisfy the classica
Hamilton equations

ṡ5s, ṡ52v2s1
1

4s3 .

It is not difficult to trace the ‘‘centrifugal’’ force (4s)23

which prevents the vanishing ofs to the Heisenberg uncer
tainty principle@2,15#.

The extension to our case with many degrees of freed
is straightforward and we find the following system of equ
tions:
8-9
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i
]

]t
c05H0c0 ,

d2sk

dt2
52vk

2sk1
1

4sk
3 , k.0,

~3.26!

coupled in a mean-field way by the relations~3.12!, which
now read

vk
25k21M226lL2Dsk

2, k.0,

M25mb
213lb~L2D^w0

2&1S0!,

S05
1

LD (
kÞ0

sk
2. ~3.27!

This stage of a truly quantum zero mode and classical mo
with k.0 does not appear fully consistent, since for lar
volumes some type of classical or Gaussian approxima
should be considered forw0 , too. We may proceed in two
~soon to be proven equivalent! ways.

~1! We shiftw05LD/2f̄1h0 and then deal with the quan
tum modeh0 in the Gaussian approximation, taking in
account that we must have^h0&50 at all times. This is mos
easily accomplished in the Heisenberg picture rather tha
the Schro¨dinger one adopted above. In any case we find t
the quantum dynamics ofw0 is equivalent to the classica
dynamics off̄ and s0[^h0

2&1/2 described by the ordinary
differential equations

d2f̄

dt2
52v0

2f̄2lf̄3,
d2s0

dt2
52v0

2s01
1

4s0
3 ,

~3.28!

wherev0
25M223lL2D^w0

2& and ^w0
2&5LDf̄21s0

2.
~2! We rescalew05LD/2j right away, so thatH0 takes the

form of Eq.~3.22!. ThenL→` is the classical limit such tha
c0(j) concentrates onj5f̄ which evolves according to th
first of the classical equations in Eq.~3.28!. Since now there
is no width associated with the zero mode,f̄ is coupled only
to the widthssk with kÞ0 by v0

25M223lf̄2, while M2

5mb
213lb(f̄21S0).

It is quite evident that these two approaches are co
pletely equivalent in the infinite volume limit, and both are
good approximation to the original TDHF Schro¨dinger equa-
tions, at least provided thats0

2 stays such thatL2Ds0
2 van-

ishes in the limit for any time. In this case we have t
evolution equations

d2f̄

dt2
5~2lf̄22M2!f̄,

d2sk

dt2
52~k21M2!sk1

1

4sk
3 , ~3.29!

mean-field coupled by theL→` limit of Eqs. ~3.27!, namely

M25m213lb@f̄21S2I D~m2,L!# ~3.30!

for unbroken symmetry@that ismb
2 as in Eq.~3.17!# or
02500
es
e
n

in
at

-

M25m213lb@f̄22v21S2I D~m2,L!#,

m252lv2 ~3.31!

for broken symmetry@that is mb
2 as in Eq.~3.23!#. In any

case we define

S5
1

LD (
k

sk
2 ;

L→`
E

k2<L2

dDk

~2p!D sk
2

as the sum, or integral, over all microscopic Gaussian wid
@N.B.: this definition differs from that given before in Eq
~3.8! by the classical termf̄2#. Remarkably, the equations o
motion ~3.29! are completely independent of the ultraviol
cutoff and this is a direct consequence of the substitut
~3.11!. Had we kept the bare coupling constant everywh
in the expression~3.10!, we would now havelb also in front
of the f̄3 in the rhs of the first of the two equations~3.29!
~cf., for instance, Ref.@1#!.

The conserved HF energy~density! corresponding to
these equations of motion reads

E5T1V, T5
1

2
~fG !21

1

2LD (
k

ṡk
2,

V5
1

2LD (
k

S k2sk
21

1

4sk
2D 1

1

2
mb

2~f̄21S!

1
3

4
lb~f̄21S!22

1

2
lf̄4. ~3.32!

Up to additive constants and terms vanishing in the infin
volume limit, this expression agrees with the general
energy of Eq.~3.13! for Gaussian wave functions. It hold
both for unbroken and broken symmetry, the only differen
being in the parameterization of the bare mass in terms
UV cutoff and physical mass, Eqs.~3.17! and ~3.23!. The
similarity to the energy functional of the large-N approach is
evident; the only difference, apart from the obvious fact th
f̄ is a single scalar rather than aO(n) vector, is in the
mean-field couplingsk2f̄ andsk2S, due to different cou-
pling strength of transverse and longitudinal modes~cf. Ref.
@8#!.

This difference between the HF approach for discr
symmetry~i.e., N51! and the large-N method for the con-
tinuousO(N) symmetry is not very relevant if the symmetr
is unbroken~it does imply however a significantly slowe
dissipation to the modes of the back-ground energy dens!.
On the other hand, it has a drastic consequence on the e
librium properties and on the out-of-equilibrium dynamics
case of broken symmetry~see below!, since massless Gold
stone bosons appear in the large-N approach, while the HF
treatment of the discrete symmetry case must exhibit a m
also in the broken symmetry phase.

The analysis of physically viable initial conditions pro
ceeds exactly as in the large-N approach@8# and will not be
repeated here, except for an important observation in cas
8-10
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FIG. 1. Zero-mode amplitude
evolution for different values of
the size L/2p520, 40, 60, 80,
100, for l50.1 and broken sym-
metry, with f̄50.
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broken symmetry. The formal energy minimization with r
spect tosk at fixed f̄ leads again to

ṡk50, sk
25

1

2Ak21M2
, ~3.33!

and again these are acceptable initial conditions only if
gap equation that follows from Eq.~3.31! in theL→` limit,
namely

M25m213lb@f̄22v21I D~M2,L!2I D~m2,L!#
~3.34!

admits a non-negative, physical solution forM2. Notice that
there is no step function in Eq.~3.34!, unlike the static case
of Eq. ~3.24!, becauses0

2 was assumed to be microscopic,
that the infinite volumesk

2 has nod-like singularity in k
50. Hence,M5m solves Eq.~3.34! only at the extremal
points f̄56v, while it was the solution of the static ga
equation~3.24! throughout the Maxwell region2v<f̄<v.
The important observation is that Eq.~3.34! admits a positive
solution forM2 also within the Maxwell region. In fact it can
be written, neglecting as usual the inverse-power correct
in the UV cutoff

M2

l̂~M !
5

m2

l
13~f̄22v2!53f̄22v2 ~3.35!

and there exists indeed a positive solutionM2 smoothly con-
nected to the ground state,f̄25v2 and M25m2, whenever
f̄2>v2/3. The two intervalsv2>f̄2>v2/3 correspond in-
deed to the metastability regions, whilef̄2,v2/3 is the spin-
odal region, associated to a classical potential proportiona
(f̄22v2)2. This is another effect of the different coupling o
transverse and longitudinal modes: in the large-N approach
there are no metastability regions and the spinodal reg
02500
e

ns

to

n

coincides with the Maxwell one. As in the large-N approach
in the spinodal interval there is no energy minimization po
sible, at fixed background and for microscopic widths,
that a modified form of the gap equation

M25m213lbF f̄22v21
1

LD (
k2,uM2u

sk
2

1
1

LD (
k2.uM2u

1

2Ak22uM2u
2I D~m2,L!G ~3.36!

should be applied to determine ultraviolet-finite initial co
ditions.

The main question now is: how will the Gaussian widt
sk grow with time, and in particular how wills0 grow in
case of method 1 above, when we start from initial con
tions where all widths are microscopic? For the Gauss
approximation to remain valid through time, allsk , and in
particulars0 , must at least not become macroscopic. In f
we have already positively answered this question in
large-N approach@8# and the HF equations~3.29! do not
differ so much to expect the contrary now. In particular,
we consider the special initial conditionf̄5fG 50, the dy-
namics of the widths is identical to that in the large-N ap-
proach, apart from the rescaling by a factor of 3 of the co
pling constant.

In fact, if we look at the time evolution of the zero-mod
amplitudes0 ~see Fig. 1!, we can see the presence of th
time scaletL at which finite volume effects start to manifes
The time scaletL turns out to be proportional to the linea
size of the boxL and its presence preventss0 from growing
to macroscopic values. Thus our HF approximation confir
the large-N approach in the following sense: even if on
considers in the variational ansatz the possibility of no
Gaussian wave functionals, the time evolution from Gau
8-11
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FIG. 2. Next-to-zero mode (k
52p/L) amplitude evolution for
different values of the sizeL
520, 40, 60, 80, 100, forl50.1
and broken symmetry, withf̄
50.
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ian and microscopic initial conditions is effectively restrict
for large volumes to nonmacroscopic Gaussians.

Strictly speaking, however, this might well not be enoug
since the infrared fluctuations do grow beyond the mic
scopic size to become of orderL ~see Fig. 2, where the evo
lution of the mode with momentumk52p/L is plotted!.
Then the quartic term in the low-k HamiltoniansHk is of
order L and therefore it is not negligible by itself in theL
→` limit, but only when compared to the quadratic ter
which for a fixedvk

2 of order 1would be of orderL2. But we
know that, whenf̄50, after the spinodal time and before th
tL , the effective squared massM2 oscillates around zero
with amplitude decreasing ast21 and a frequency fixed by
the largest spinodal wave vector. In practice it is ‘‘zero
average’’ and this reflect itself in the average linear grow
of the zero-mode fluctuations and, more generally, in
average harmonic motion of the other widths with nonz
wave vectors. In particular the modes with small wave v
tors of orderL21 feel an average harmonic potential withvk

2

of orderL22. This completely compensate the amplitude
the mode itself, so that the quadratic term in the lowk
HamiltoniansHk is of orderL0, much smaller than the quar
tic term that was neglected beforehand in the Gaussians
proximation. Clearly the approximation itself no longer a
pears fully justified and a more delicate analysis is requir
We intend to return on this issue in a future work, restricti
ourselves in the next section to the Gaussian approxima

IV. LATE-TIME EVOLUTION AND DYNAMICAL
MAXWELL CONSTRUCTION

By definition, the Gaussian approximation of the effecti
potentialVeff(f̄) coincides with the infinite-volume limit of
the potential energyV(f̄,$sk%) of Eq. ~3.32! when the
widths are of thef̄-dependent, energy-minimizing form
~3.33! with the gap equation forM2 admitting a non-negative
solution. As we have seen, this holds true in the unbro
symmetry case for any value of the backgroundf̄, so that
the GaussianVeff is identical to the HF one, since all wav
02500
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functionsck are asymptotically Gaussians asL→`. In the
presence of symmetry breaking instead, this agreement h
true only for f̄2>v2; for v2/3<f̄2,v2 the GaussianVeff

exists but is larger than the HF potentialVeff
HF , which is al-

ready flat. In fact, for anyf̄2>v2/3, we may write the
GaussianVeff as

Veff~f̄ !5Veff~2f̄ !5Veff~v !1E
v

uf̄u
duu@M ~u!222lu2#,

where M (u)2 solves the gap equation~3.35!, namely
M (u)25l̂„M (u)…(3u22v2). In each of the two disjoint re-
gions of definition this potential is smooth and convex, w
unique minima in1v and 2v, respectively. These appea
therefore, as regions of metastability~states which are only
locally stable in the presence of a suitable uniform exter
source!. The HF effective potential is identical forf̄2>v2,
while it takes the constant valueVeff(v) throughout the inter-
nal regionf̄2,v2. It is based on truly stable~not only meta-
stable! states. The GaussianVeff cannot be defined in the
spinodal regionf̄2,v2/3, where the gap equation does n
admit a non-negative solution in the physical region far aw
from the Landau pole.

Let us first compare this HF situation with that of largeN
@8#. There the different couplings of the transverse mode
three times smaller than the HF longitudinal coupling, a
this has two main consequences at the static level: the
equation similar to Eq.~3.35! does not admit non-negativ
solutions forf̄2,v2, so that the spinodal region coincide
with the region in which the effective potential is flat, an
the physical mass vanishes. The out-of-equilibrium coun
part of this is the dynamical Maxwell construction: when t
initial conditions are such thatf̄2 has a limit fort→`, the
set of all possible asymptotic values exactly covers the fl
ness region~and the effective mass vanishes in the limit!. In
practice this means thatuf̄u is not the true dynamical orde
parameter, whose large time limit coincides withv, the equi-
8-12
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FIG. 3. Evolution of the back-
ground for two different initial
conditions within the spinodal in-
terval, in the TDHF approxima-
tion, for l51: f̄(t50)50.1
~dotted line! and f̄(t50)50.4
~solid line!.
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librium field expectation value in a pure phase. Rather,
should consider as an order parameter the renormalized
~squared! width

lim
N→`

^f~x!•f~x!&R

N
5f̄21SR5v21

M2

l
,

where the last equality follows from the definition itself
the effective massM ~see Ref.@8#!. SinceM vanishes ast
→` whenf̄2 tends to a limit within the flatness region, w
find the renormalized local width tends to the correct valuv
which characterizes the broken symmetry phase, that is
bottom of the classical potential. We may say that the sp
odal region, perturbatively unstable, at the nonperturba
level corresponds to metastable states, all reachable thr
the asymptotic time evolution with a vanishing effecti
mass.

In the HF approximation, where at the static level t
spinodal regionf̄2,v2/3 is smaller than the flatness regio
f̄2,v2, the situation is rather different. Our numerical so
02500
e
cal

he
-
e
gh

tion shows thatf̄ oscillates around a certain valuef̄` with
an amplitude that decreases very slowly. As in largeN, the
asymptotic valuef̄` depends on the initial valuef̄(0). But,
if the backgroundf̄ starts with zero velocity from a non zer
value inside the spinodal interval, then it always leaves t
region and eventually oscillates around a point between
spinodal pointv/) and the minimum of the tree-level po
tentialv ~see Fig. 3 and 4!. In other words, if we start with a
f̄ in the interval@2v,v#, except the origin, we end up with
a f̄` in the restricted interval@2v,2v/)#ø@v/),v#. The
spinodal region is completely forbidden for the late time ev
lution of the mean field, as is expected for an unstable
gion. We stress that we are dealing with true fixed points
the asymptotic evolution since the force term on the me
field @cf. Eq. ~3.29!, f 52(lf̄22M2)f̄# does vanish in the
limit. In fact, its time averagef̄ 5*Tf (t)dt/T tends to zero as
T grows and its mean-squared fluctuations aroundf̄ de-
creases towards zero, although very slowly~see Figs. 5 and
6!. Moreover, for N51 the order parameter reads, ast
→`,
FIG. 4. Evolution of M2 for
the two initial conditions of Fig. 3.
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FIG. 5. The average forcef,
defined asf̄ 5*T f (t)dt/T, plotted
vs T, for l50.1 and f̄51022

~solid line!, f̄51023 ~dashed
line! and f̄51024 ~dotted-dashed
line!.
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^f~x!2&R5f̄21SR5
v2

3
1

M2

3l
, SR5

v22f̄2

3
, ~4.1!

where the last equality is valid for the asymptotic values a
follows from the vanishing of the force termf. From the last
formula we see that whenf̄50 at the beginning, and then a
all times, the renormalized back reaction tends tov2/3, not
v2. It ‘‘stops at the spinodal line.’’ The same picture appli
for a long time, all during the ‘‘slow rolling down’’~see Sec.
V!, to evolutions that start close enough tof̄50. This fact is
at the basis of the so-calledspinodal inflation@24#.

In any case, the dynamical Maxwell construction, eith
complete or partial, poses an interesting question by itsel
fact it is not at all trivial that the effective potential, in any o
the approximation previously discussed, does bear releva
on the asymptotic behavior of the infinite-volume syste
whenever a fixed point is approached. Strictly speaking
fact, even in such a special case it is not directly related
the dynamics, since it is obtained from a static minimizat
of the total energy at fixed mean field, while the energy is
at its minimum at the initial time and is exactly conserved
the evolution. On the other hand, if a solution of the eq
02500
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n
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tions of motion ~3.29! exists in which the backgroundf̄
tends to a constantf̄` as t→`, one might expect that the
effective action~which however is nonlocal in time! some-
how reduces to a~infinite! multiple of the effective potential,
so thatf̄` should be an extremal of the effective potenti
This is still an open question that deserves further anal
studies and numerical confirmation.

It is worth noticing also that when the field starts ve
close to the top of the potential hill, it remains there for
very long time and evolves through a very slow rollin
down, before beginning a damped oscillatory motion arou
a point in the metastability region. During the slow roll p
riod, M2 oscillates around zero with decreasing amplitu
and the ‘‘phenomenology’’ is very similar to the evolutio
from symmetric initial conditions, as can be seen compar
Figs. 7 and 8. Figure 9 shows the evolution of the zero-m
amplitude in the case of a very slow rolling down. In such
case, after a very short~compared to the time scale of th
figure! period of exponential growth~the spinodal time!, the
quantum fluctuations start an almost linear growth, ve
similar to the evolution starting from a completely symme
ric initial state. This, obviously, corresponds to the vanish
d
FIG. 6. The mean-square
fluctuations of the forcef, defined
as*T( f (t)2 f̄ )2dt/T, plotted vsT,
for the three initial conditions of
Fig. 5.
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FIG. 7. The evolution of the
mean value~solid line!, the quan-
tum back reactionS ~dashed line!
and the squared effective massM2

~dotted-dashed line!, for f̄50 at
t50, andl50.1.
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of the effective mass. In the meanwhile,f̄ keeps growing
and rolling down the potential hill with increasing speed
wards the minimum of the classical potential, eventually
tering the metastable region. At that time, the effective m
starts to increase again and the zero mode stops its li
growth, turns down and enters a phase of ‘‘wild’’ evolutio
This time scale, let us call ittsrd , depends on the initia
value of the condensate: the smallerf̄(t50) is, the longer
tsrd will be. We find numerically thattsrd}„f̄(t50)…21/2.

If we now study the dynamics in finite volume, startin
from condensates different from zero, we will find a comp
tition betweentsrd and tL , the time scale characteristic o
the finite volume effects, that is proportional to the line
size of the box we put the system in. Figure 10 shows cle
that whenL/2p5100 andf̄51025, we havetsrd;tL . In
any case, either one or the other effect will prevent the ze
mode amplitude from growing to macroscopic values for a
initial condition we may start with.

It should be noted, also, that the presence of the time s
tsrd does not solve the internal inconsistency of the Gaus
approximation described above in Sec. III B. In fact, for a
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fixed valueL for the linear size of the system, we can find
whole interval of initial conditions for the mean field, whic
leave enough time to the fluctuations for growing to orderL,
much before the field itself had rolled down towards one
the minima of the classical potential. For those particu
evolutions, we would need to consider the quartic terms
the Hamiltonians that the Gaussian approximation negle
as already explained.

In addition, there will be also initial conditions for whic
tL.tsrd . In that case, the effective mass soon starts os
lating around positive values and it is reasonable to think t
it will take a much longer time thantL for the finite volume
effects to manifest. In@8# we have interpreted the proportion
ality betweentL andL as an auto interference effect~due to
periodic boundary conditions! suffered by a Goldstone boso
wave, traveling at the speed of light, at the moment it reac
the borders of the cubic box. Here, the massless wave
have in the early phase of the evolution, rapidly acquire
positive mass, as soon as the condensate rolls down;
decelerates the wave’s propagation and delays the ons
finite volume effects. The Gaussian approximation appe
FIG. 8. The evolution of the
mean value~solid line!, the quan-
tum back reactionS ~dashed line!
and the squared effective massM2

~dotted-dashed line!, for f̄51024

at t50, andl50.1. The field rolls
down very slowly at the begin-
ning.
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FIG. 9. Evolution of the am-
plitude of the zero mode forl
50.1 andf̄51025 at t50.
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to be fully consistent when we limit ourselves to the evo
tion of these particular configurations.

V. NUMERICAL ANALYSIS

We discuss in this section the asymptotic behavior of
dynamical evolution as it turns out from our numerical r
sults in the Gaussian approximation. Let us begin with
precise form of the evolution equations for the field bac
ground and the quantum mode widths, as described in S
III B @cf. Eq. ~3.29!#:

F d2

dt2
1~M222lf2!Gf50, F d2

dt2
1kn

21M2Gsn2
1

4sn
3 50,

~5.1!

where the indexn labels the discrete set of values used
perform the summation~finite volume! or the integration~in-
finite volume! over momenta in the quantum back reacti
S, while M2(t) is defined by Eq.~3.30! in case of unbroken
symmetry and by Eq.~3.31! in case of broken symmetry
The back reactionS reads, in the notations of this append
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S5 (
n50

N
gnsn

2,

wheregn is the appropriate ‘‘degeneracy’’ factor andN is
the number of modes with distinct dynamics. Technically
is simpler to treat an equivalent set of equations, which
formally linear and do not contain the singular Heisenbe
term }sn

23. This is done by introducing the complex mod
amplitudes zn5sn exp(iun), where the phasesun satisfy
sn

2u̇n51. Then we find a discrete version of the equatio
studied, for instance, in Ref.@1#, namely

F d2

dt2
1kn

21M2Gzn50, S5
1

LD (
n50

N
gnuznu2 ~5.2!

subject to the Wronskian condition

znzGn2 z̄nżn52 i .

One realizes that the Heisenberg term insn corresponds to
the centrifugal potential for the motion in the complex pla
n
e

-
-

FIG. 10. Comparison betwee
the evolutions of the zero mod
amplitude in the following two
situations: the dashed line corre
sponds to a finite volume simula
tion with L/2p5100 and f̄50,
while the solid line refers to the
infinite volume evolution, withf̄
51025. Both correspond tol
50.1.
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FIG. 11. Asymptotic values of
the mean fieldf̄, plotted vs initial
valuesf̄(t50), for l50.1.
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of zn . Looking at Figs. 2 or 9, we can see that the motions
the quantum modes correspond qualitatively to orbits w
very large eccentricities. In fact, there are instants in wh
sn is very little and the angular velocityu̇n is very large.
This is the technical reason for preferring the equations in
form ~5.2!.

To solve these evolution equations, we have to cho
suitable initial conditions respecting the Wronskian con
tion. In the case of unbroken symmetry, the requiremen
minimum energy for the quantum fluctuations leads to
massive particle spectrum:
02500
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h
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zn~0!5
1

A2Vn

,
dzn

dt
~0!5 iAVn

2
,

where Vn5Akn
21M2(0) and the initial squared effectiv

massM2(t50), has to be determined self-consistently,
means of its definition~3.30!.

In the case of broken symmetry, the gap equation i
viable means for fixing the initial conditions only whenf
lies outside the spinodal region@cf. Eq. ~3.35!#; otherwise,
the gap equation does not admit a positive solution for
FIG. 12. Evolution of the
mean valuef̄ for l50.1 and for
two different initial conditions:f̄
50.08 ~solid line! and f̄50.16
~dashed line!, with the ‘‘flipped’’
choice for the spinodal modes.
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FIG. 13. Comparison betwee
the classical energies for the tw
initial conditions of Fig. 12.
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squared effective mass and we cannot minimize the en
of the fluctuations. Following the discussion presented
Sec. III B, one possible choice is to setsk

251/2Ak21uM2u
for k2,uM2u and then solve the corresponding gap equat
~3.36!. We will call this choice the ‘‘flipped’’ initial condi-
tion. Another acceptable choice would be to solve the g
equation, setting a massless spectrum for all the spin
modes but the zero mode, which is started from an arbitr
albeit microscopic, value. This choice will be called t
‘‘massless’’ initial condition.

Before discussing the influence of different initial cond
tions on the results, let us present the asymptotic behavio
find when we choose the flipped initial condition. In Fig. 1
we have plotted the asymptotic values of the mean field v
sus the initial values, forl50.1. All dimensionful quantities
are expressed in terms of the suitable power of the equ
rium massm. For example, the vacuum expectation value
the field is equal toA5 in these units. First of all, conside
the initial values for the condensate far enough from the
of the potential hill, say betweenf̄(t50)50.88 andf̄(t
50)52.64. In that region the crosses seem to follow
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smooth curve, which has its maximum exactly atf̄`5A5
~the point of stable equilibrium!. When we start from an
initial condition smaller thanf̄(t50)50.88, the asymptotic
value f̄` is not guaranteed to be positive anymore. On
contrary, it is possible to choose the initial condition in su
a way that the condensate will oscillate between positive
negative values for a while, before settling around
asymptotic value near either one or the other minimum,
Fig. 12 clearly shows. Figures 13, 14, and 15 helps us
understand this behavior by consideration of the energy
ance. Both the evolutions are such that the classical ene
defined asl(f̄22v2)/4, is not a monotonically decreasin
function of time. Indeed, energy is continuously exchang
between the classical degrees of freedom and the quan
fluctuations bath, in both directions. However, the two ra
of energy exchange are not exactly the same and an effe
dissipation of classical energy on the average can be see
long time at least. Of course, this is not the case for the ini
transient part of the evolution starting from the initial cond
tion f̄(t50)50.08; there, the condensate absorbs ene
y

FIG. 14. Evolution of the con-
densatef̄ ~solid line! and of the
corresponding classical energ
~dashed line! for f̄(t50)50.16
andl50.1 ~cf. Figs. 12 and 13!.
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FIG. 15. Evolution of the con-
densatef̄ ~solid line! and of the
corresponding classical energ
~dashed line! for f̄(t50)50.08
andl50.1 ~cf. Figs. 12 and 13!.
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~on average! from the quantum fluctuations, being able to
beyond the top of the potential hill, towards the negat
minimum. This happens because in the case of broken s
metry, the minimization of the fluctuation energy, within th
microscopic Gaussian states, is not possible for initial con
tions in the spinodal region@cfr. the discussion about the ga
equation~3.35! in Sec. III B#. After a number of oscillations
the energy starts to flow from the condensate to the quan
bath again~on the average!, constraining the condensate
oscillate around a value close to one of the two minima
we look at Fig. 11 again, we can find positive asympto
values as well as negative ones, without a definite pattern
the whole interval@0.01,0.8#. If we start with 0,f̄(t50)
,0.01 we have the slow rolling down, already described
Sec. IV and the mean field oscillates around a positive va
from the beginning, never reaching negative values. A f
ther note is worth being added here. During the phase
slow rolling down, the evolution is very similar to a symme
ric evolution starting fromf̄(t50)50; in that case, the dis
sipation mechanism works through the emission of~quasi-!
massless particles and it is very efficient because it has
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m
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any perturbative threshold. If the field stays in this slow ro
ing down phase for a time long enough, it will not be able
absorb the sufficient energy to pass to the other side e
again and it will be confined in the positive valley for eve
Evidently, when f̄(t50).0.01 this dissipative proces
might not be so efficient to prevent the mean field fro
sampling also the other valley.

Which one of the two valleys will be chosen by the co
densate is a matter of initial conditions and it is very dep
dent on the energy stored in the initial state, as is shown
Fig. 16, where two evolutions are compared, starting fr
the same value for the condensate, but with the two ini
conditions, ‘‘flipped’’ and ‘‘massless,’’ for the quantum fluc
tuations.

VI. CONCLUSIONS AND PERSPECTIVES

In this work we have extended the standard tim
dependent Hartree-Fock approximation@13# for thef4 quan-
tum field theory~QFT!, to include some non-Gaussian fe
tures of the complete theory. We have presented a ra
FIG. 16. Evolution of the
mean valuef̄ for l50.1, with
f̄(t50)50.08, and two different
initial conditions for the quantum
spinodal modes, ‘‘flipped’’~solid
line! and massless~dashed line!.
8-19



e
an

in

th
se
d
n
r

vo

n-
av
ox
te
im

ol
de
e

al
de
H
n

ia
y
n,
le

t
ia

m

m
f

gu
n
s

of
p-
c-
d

tatic
e
ss,

he
nd
om
nd
ial
re

rred
p of

is
dy-

en
ting

ith

in
u-
ces-

he
tion
al
he
en
fur-

nd
E.

C. DESTRI AND E. MANFREDINI PHYSICAL REVIEW D62 025008
detailed study of the dynamical evolution out of equilibrium
in finite volume~a cubic box of sizeL in 3D!, as well as in
infinite volume. For comparison, we have also analyz
some static characteristics of the theory both in unbroken
broken symmetry phases.

By means of a proper substitution of the bare coupl
constant with the renormalized coupling constant~fully jus-
tified by diagrammatic consideration!, we have been able to
obtain equations of motion completely independent of
ultraviolet cutoff~apart from a slight dependence on inver
powers, that is, however, ineluctable because of the Lan
pole!. We have described in detail the shape of the grou
state, showing how a broken symmetry scenario can be
covered from the quantum-mechanical model, when the
ume diverges.

Moreover, we have shown that, within this slightly e
larged TDHF approach that allows for non-Gaussian w
functions, one might recover the usual Gaussian HF appr
mation in a more controlled way. In fact, studying the la
time dynamics, we have confirmed the presence of a t
scale tL , proportional to the linear sizeL of the box, at
which the evolution ceases to be similar to the infinite v
ume one. At the same time, the low-lying modes amplitu
have grown to orderL. The same phenomenon has be
observed in theO(N) model@8#. Looking at this result in the
framework of our extended TDHF approximation, one re
izes that the growth of long-wavelength fluctuations to or
L in fact undermines the self-consistency of the Gaussian
itself. In fact, in our TDHF approach the initial Gaussia
wave functions are allowed to evolve into non-Gauss
forms, but they simply do not do it in a macroscopic wa
within a further harmonic approximation for the evolutio
so that in the infinite-volume limit they are indistinguishab
from Gaussians at all times. But whenM2 is on average no
of orderL0, but much less, as it happens for suitable init
conditions, infrared modes of orderL will be dominated by
the quartic term in our Schro¨dinger equations~3.5!, showing
a possible internal inconsistency of the Gaussian approxi
tion.

Another manifestation of the weakness of the HF sche
is the curious ‘‘stopping at the spinodal line’’ of the width o
the Gaussian quantum fluctuations, when the initial confi
ration does not break the symmetry. This does not happe
the large-N approach because of different coupling of tran
A

D

J

ar

az
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verse mode~the only ones that survive in theN→` limit !
with respect to the longitudinal modes of theN51 case in
the HF approach.

We have also described the nontrivial phenomenology
the infinite-volume late-time evolution in the Gaussian a
proximation, showing how the dynamical Maxwell constru
tion differs from theN5` case. In fact, we have observe
the presence of an unstable interval, contained in the s
flat region which is forbidden as an attractor of th
asymptotic evolution. This region corresponds, more or le
to the spinodal region of the classical potential, with t
obvious exception of the origin. In particular, we have fou
that the energy flux between the classical degree of freed
and the bath of quantum fluctuations is quite complex a
not monotonous. In other words, since we start from init
conditions where the fluctuation energy is not minimal, the
are special situations where enough energy is transfe
from the bath to the condensate, pushing it beyond the to
the potential hill.

Clearly further study, both analytical and numerical,
needed in our TDHF approach to better understand the
namical evolution of quantum fluctuations in the brok
symmetry phase coupled to the condensate. An interes
direction is the investigation of the case of finiteN, in order
to interpolate smoothly the results forN51 to those of the
1/N approach. It should be noted, in fact, that the theory w
a single scalar field contains only the longitudinal mode~by
definition!, while only the transverse modes are relevant
the large-N limit. Hence a better understanding of the co
pling between longitudinal and transverse modes is ne
sary.

In this direction, another relevant point is whether t
Goldstone theorem is respected in the HF approxima
@20#. It would be interesting also to study the dynamic
realization of the Goldstone paradigm, namely t
asymptotic vanishing of the effective mass in the brok
symmetry phases, in different models; this issue needs
ther study in the 2D case@2#, where it is known that the
Goldstone theorem is not valid.
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